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Abstract: In this paper, our goal is to study the regular reduction theory of regular controlled 
Hamiltonian (RCH) systems with symplectic structure and symmetry, and this reduction is an 
extension of regular symplectic reduction theory of Hamiltonian systems under regular controlled 
Hamiltonian equivalence conditions. Thus, in order to describe uniformly RCH systems defined on 
a cotangent bundle and on the regular reduced spaces, we first define a kind of RCH systems on 
a symplectic fiber bundle. Then introduce regular point and regular orbit reducible RCH systems 
with symmetry by using momentum map and the associated reduced symplectic forms. More- 
over, we give regular point and regular orbit reduction theorems for RCH systems to explain the 
relationships between RpCH-equivalence, RoCH-equivalence for reducible RCH systems with sym- 
metry and RCH-equivalence for associated reduced RCH systems. Finally, as an application we 
regard rigid body and heavy top as well as them with internal rotors as the regular point reducible 
RCH systems on the rotation group SO (3) and on the Euclidean group SE(3), respectively, and 
discuss their RCH-equivalence. We also describe the RCH system and RCH-equivalence from the 
viewpoint of port Hamiltonian system with a symplectic structure. 
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1 Introduction 

Symmetry is a general phenomenon in the natural world, but it is widely used in the study of 
mathematics and mechanics. The reduction theory for mechanical system with symmetry has its 
origin in the classical work of Euler, Lagrange, Hamilton, Jacobi, Routh, Liouville and Poincare and 
its modern geometric formulation in the general context of symplectic manifolds and equivariant 
momentum maps is developed by Meyer, Marsden and Weinstein; see Abraham and Marsden [1] or 
Marsden and Weinstein [23] and Meyer [24]. The main goal of reduction theory in mechanics is to 
use conservation laws and the associated symmetries to reduce the number of dimensions required to 
describe a mechanical system. So, such reduction theory is regarded as a useful tool for simplifying 
and studying concrete mechanical systems. Reduction is a very general procedure that is applied 
to arbitrary symmetric dynamical systems. However, it is particularly powerful for conservative 
systems when the symmetries induce a momentum map; see Abraham and Marsden [1], Arnold [3], 
Marsden [20], Marsden et al [21], Marsden and Ratiu [22] and Ortega and Ratiu [26]. 

It is well-known that Hamiltonian reduction theory is one of the most active subjects in the 
study of modern analytical mechanics and applied mathematics, in which a lot of deep and beautiful 
results have been obtained, see the studies by Abraham and Marsden [1], Arnold [3], Leonard and 
Marsden [19], Marsden et al [20-23], Ortega and Ratiu [26] etc. on regular point reduction and 
regular orbit reduction, singular point reduction and singular orbit reduction, optimal reduction 
and reduction by stages for Hamiltonian systems and so on; there is still much to be done in this 
subject. 

On the other hand, just as we have known that the theory of mechanical control systems presents 
a challenging and promising research area between the study of classical mechanics and modern 
nonlinear geometric control theory and there have been a lot of interesting results. Such as, Bloch 
et al. in [5-8] , referred to the use of feedback control to realize a modification to the structure of a 
given mechanical system; Blankenstein et al. in [4], Crouch and Van der Schaft in [12], Nijmeijer 
and Van der Schaft in [25], van der Schaft in [27-31], referred to the reduction and control of implicit 
(port) Hamiltonian systems, and the use of feedback control to stabilize mechanical systems and 
so on. 

Nevertheless, we also note that Chang et al. in [9], defined a controlled Hamiltonian (CH) system 
by using the almost Poisson tensor, and studied the reduction of CH systems with symmetry in [11]. 
Unfortunately, there is a serious wrong of rigor in their above work, that is, all of CH systems and 
reduced CH systems given in [9, 11], have not the spaces on which these systems are defined, see 
Definition 3.1 in [9] and Definition 3.1, 3.3 in [11]. Thus, it is impossible to give the actions of 
a Lie group on the phase of systems and their momentum maps, also impossible to determine 
the reduced spaces of CH systems, and it is not that all of CH systems in [11] have same space 
T*Q, same action of Lie group G, and same reduced space T*Q/G. For example, we consider 
the cotangent bundle T*Q of a smooth manifold Q with a free and proper action of Lie group G, 
and the Poisson tensor B on T*Q is determined by canonical symplectic form on T*Q. Then 
there is an Ad*-equivariant momentum map J : T*Q g* for the symplectic, free and proper 
cotangent lifted G-action, where q* is the dual of Lie algebra q of G. For ^ € g*, a regular value 
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of J : M ^ Q*, from Abraham and Marsden [1], we know that the regular point reduced space 
J~^(/i)/G^ and regular orbit reduced space J~^{0^)/G at fi are not T*Q/G, and the two reduced 
spaces are determined by the momentum map J, where is the isotropy subgroup of the coadjoint 
G-action at the point n, and is the orbit of the coadjoint G-action through the point /i. Thus, 
in the two cases, it is impossible to determine the reduced CH systems by using the method given 
in Chang et al [11]. 

In order to deal with the above problems and determine the reduced CH systems, our idea in 
this paper is that we first define a CH system on T*Q by using the symplectic form, and such 
system is called a RCH system, and then regard a Hamiltonian system on T*Q as a spacial case of 
a RCH system without external force and control. Thus, the set of Hamiltonian systems on T*Q 
is a subset of the set of RCH systems on T*Q. We hope to study regular reduction theory of RCH 
systems with symplectic structure and symmetry, as an extension of regular symplectic reduction 
theory of Hamiltonian systems under regular controlled Hamiltonian equivalence conditions. The 
main contributions in this paper is given as follows. (1) In order to describe uniformly RCH 
systems defined on a cotangent bundle and on the regular reduced spaces, we define a kind of 
RCH systems on a symplectic fiber bundle by using its symplectic form; (2) We give regular point 
and regular orbit reducible RCH systems by using momentum map and the associated reduced 
symplectic forms, and prove regular point and regular orbit reduction theorems (Theorem 4.3 and 
5.3) for RCH systems to explain the relationships between RpCH-equivalence, RoCH-equivalence for 
reducible RCH systems with symmetry and RCH-equivalence for associated reduced RCH systems; 
(3) We prove that rigid body with external force torque, rigid body with internal rotors and heavy 
top with internal rotors are all RCH systems, and as a pair of regular point reduced RCH systems, 
rigid body with internal rotors (or external force torque) and heavy top with internal rotors are 
RCH-equivalent; (4) We describe the RCH system from the viewpoint of port Hamiltonian system 
with a symplectic structure, and state the relationship between RCH-equivalence of RCH system 
and equivalence of port Hamiltonian system. 

A brief of outline of this paper is as follows. In the second section, we review some relevant 
definitions and basic facts about momentum map, symplectic fiber bundle. Lie group lifted actions 
on (co-)tangent bundles and reduction, which will be used in subsequent sections. The RCH systems 
are defined by using the symplectic forms on a symplectic fiber bundle and on the cotangent bundle 
of a configuration manifold, respectively, and RCH-equivalence is introduced in the third section. 
From the fourth section we begin to discuss the RCH systems with symmetry by combining with 
regular symplectic reduction theory. The regular point and regular orbit reducible RCH systems 
are considered respectively in the fourth section and the fifth section, and give the regular point 
and regular orbit reduction theorems for RCH systems to explain the relationships between the 
RpCH-equivalence, RoCH-equivalence for reducible RCH systems with symmetry and the RCH- 
equivalence for associated reduced RCH systems. As the applications of the theoretical results, 
in sixth section, we first give the regular point reduced RCH system on a Lie group G, which is 
a RCH system on a coadjoint orbit of G. Then we regard the rigid body and heavy top as well 
as them with internal rotors as the regular point reducible RCH systems on the rotation group 
S0(3) and on the Euclidean group SE(3), respectively, and give their regular point reduced RCH 
systems and discuss their RCH-equivalence. In order to understand well the abstract definition 
of RCH system, we also describe the RCH system and RCH-equivalence from the viewpoint of 
port Hamiltonian system with a symplectic structure. These research work develop the theory of 
Hamiltonian reduction for the regular controlled Hamiltonian systems with symmetry and make 
us have much deeper understanding and recognition for the structure of controlled Hamiltonian 
systems. 
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2 Preliminaries 



In order to study the regular reduction theory of RCH systems, we first give some relevant definitions 
and basic facts about momentum maps, symplectic fiber bundle. Lie group lifted actions on (co- 
)tangent bundles and reduction, which will be used in subsequent sections, we shall follow the 
notations and conventions introduced in Abraham et al [1,2], Marsden [20], Marsden et al [21], 
Marsden and Ratiu [22], Ortega and Ratiu [26], Kobayashi and Nomizu [16]. In this paper, we 
assume that all manifolds are real, smooth and finite dimensional and all actions are smooth left 
actions. 

2.1 Momentum map 

Let (M, w) be a symplectic manifold, G a Lie group with Lie algebra g. We say that G acts on M 
and the action of any g € G on z G M will be denoted hy ^ : G x M ^ M : ^{g, z) = g ■ z. For 
any g £ G, the map := •) : M — >• M is a diffeomorphism of M and if the map $g satisfies 
^gOj = 00, \/g (z G, we say that G acts symplectically on a symplectic manifold (M, w). The isotropy 
subgroup of a point z G MisG^ = {g G G\ g- z = z}. An action is free if all the isotropy subgroups 
Gz are trivial; and is proper if the map {g,z) — > {g,g - z) is proper (i.e., the pre-image of every 
compact set is compact). For a proper action, all isotropy subgroups are compact. The G-orbit of 
z G M is denoted Oz = G-z = {^giz) \ g G G}, and the orbit space M/G = {O^l z £ M}. If G acts 
freely and properly on M, then M/G has a unique smooth structure such that ttq : M — )■ M/G 
is a surjective submersion. If G acts only properly on M, does not act freely, then M/G is not 
necessarily smooth manifold, but just a quotient topological space. 

For each ^ G g, the infinitesimal generator of ^ is the vector field ^a/ defined by ^a/(-z) = 
^ lt=o ^^P(*0 • z, Vz G M. We will also write Cm{z) as ^ • z, and refer to the map {^,z) i-7> ^ • z as the 
infinitesimal action of g on M. A momentum map J : M — )■ g* is defined by < J(z),^ >= J^{z), for 
every ^ G g, where the function : M — )■ M satisfies Xj^ = and g* is the dual of Lie algebra 
g, and <, >: g* x g — )■ M is the duality pairing between the dual g* and g. If the adjoint action of 
G on g is denoted by Ad, and the infinitesimal adjoint action by ad, then the coadjoint action of 
G on g* is the inverse dual to the adjoint action, given hy g ■ u = Ad*_i u = {Kdg-i)*v,\/ v G g*. 
The infinitesimal coadjoint action is given by • = — ad|z^, V G g*. For G g*, a value of 
J : M — g*, G^ denotes the isotropy subgroup of G with respect to the coadjoint G-action Ad*_i 
at the point /i, and denotes the G-orbit of through the point ^ in g*. The momentum map J 
is Ad*-equivariant if J(<I>g(z)) = Ad*_i J(2;), for any z G M. 

The following proposition is very important for the regular reduction and singular reduction of 
Hamiltonian systems with symmetry; see Marsden [20] and Ortega and Ratiu [26]. 

Proposition 2.1 (Bifurcation Lemma) Let {M,uj) be a symplectic manifold and G a Lie group 
acting symplectically on M (not necessarily freely). Suppose that the action has an associated 
momentum map J : M — > g*. Then for any z G M, (gz)" = range{TzJ), where &z = ^ 
g| ^m{z) = 0} is the Lie algebra of the isotropy subgroup Gz = {g £ G\ g ■ z = z} and (Qz)^ = G 
0*1 M Isz — 0} denotes the annihilator of Qz in g*. 

An immediate consequence of this proposition is the fact that when the action of G is free, 
each value /i G g* of the momentum map J is a regular value of J. Thus, if ^ is a singular value 
of J, then the G-action is not free. Moreover, if /x is a regular value of J and is an embedded 
submanifold of g*, the J is transverse to and hence 3~^{0^) is automatically an embedded 
submanifold of M. In this paper, we consider only that the G-action is free, and the Hamiltonian 
reductions are regular. 
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2.2 Symplectic fiber bundles 



Let E and M be two smooth manifolds, Lie group G acts freely on E from the left side. Denote by 
(E, M, vr, G) a (left) principal fiber bundle over M with group G, where E is the bundle space, M is 
the base space, G is the structure group and the projection vr : E' — >■ M is a surjective submersion. 
For each x € M, 7r~^(x) is a closed submanifold of E, which is called the fiber over x. Each fiber of 
the principal bundle {E, M, vr, G) is diffeomorphic to G. In the following we shall give a construction 
of the associated bundle of G-principal bundle. Assume that F is another smooth manifold and Lie 
group G acts on F from the left side. We can define a fiber bundle associated to principal bundle 
(E, M, vr, G) with fiber F as follows. Consider the left action of G on the product manifold E x F, 
^ : G X {E X F) E X F given by ^{g, {z,y)) = {gz,g~'^y), \f g e G, z e E, y e F. Denote by 
E Xq F is the orbit space {E x F)/G, and the map p : E Xq F ^ M is uniquely determined by 
the condition p ■ tt/q = vr • tte, that is, the following commutative Diagram-1, 

E X F ExgF 



P 



E — ^ M 



Diagram-1 



where tt/q : E x F ^ E xq F is the canonical projection and tte ■ E x F ^ E is the projection 
onto the first factor. Then [E xqF, M, F, p, G), simply written as {E, M, F, vr, G), is a fiber bundle 
with fiber F and structure group G associated to principal bundle (£", M, vr, G). In particular, if 
F = V is a vector space, then {E, M,V,Tr,G) is a vector bundle associated to principal bundle 
(E,M,7r,G). 

A bundle of symplectic manifolds is such a fiber bundle {E, M, F,7r,G), all of whose fibers are 
symplectic and whose structure group G preserves the symplectic structure on F. From Gotay et 
al. [14] we know that there exists a presymplectic form uje on E under some topological conditions, 
whose pull-back to each fiber is the given fiber symplectic form. We assume that if a symplectic 
form uje is given on E, then {E,uje) is called a symplectic fiber bundle. In particular, if is a 
vector bundle, then {E,uje) is called a symplectic vector bundle; see Libermann and Marie [IS]. 



2.3 Lie group lifted action on (co-)tangent bundles and reduction 

For a smooth manifold Q, its cotangent bundle T*Q has a canonical symplectic form ujq, which is 
given in natural cotangent bundle coordinates {q^,Pi) by loq = dg* A dpi, so T*Q is a symplectic 
vector bundle. Let ^ : G x Q ^ Q he a left smooth action of a Lie group G on the manifold Q. 
The tangent fift of this action <I> : G x Q ^ Q is the action oi G on TQ, <^'^ : G x TQ ^ TQ 
given hy g ■ Vq = T^g{vq), V G TqQ,q € Q. The cotangent lift is the action of G on T*Q, 
: G X T*Q T*Q given hy g ■ aq = {T<^g~i)* ■ aq, V G T*Q, q e Q. The tangent 
or cotangent lift of any proper (resp. free) G-action is proper (resp. free). Each cotangent lift 
action is symplectic with respect to the canonical symplectic form ojq, and has an Ad*-equivariant 
momentum map J : T*Q g* given by < J(ag),^ >= aq{^Q{q)), where ^ € s, Cqiq) is the value 
of the infinitesimal generator of the G-action atgGQ, <,>: q* xg— ^Mis the duality pairing 
between the dual g* and g. 

The reduction theory of cotangent bundle is a very important special case of general reduction 
theory. Let € g* is a regular value of the momentum map J, the simplest case of symplectic 
reduction of cotangent bundle T*Q is regular point reduction at zero, in this case the symplectic 
reduced space formed at /i = is given by ((T*(5)^t, w^) = {T* {Q / G) , loq) , where loq is the canonical 
symplectic form of cotangent bundle T*{Q/G). Thus, the reduced space {(T*Q)^,uj^) at /i = is 
a symplectic vector bundle. If 7^ 0, from Marsden et al [21] we know that, when G^ = G, the 
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regular point reduced space {{T*Q)^,oj^) is symplectic diffeomorphic to symplectic vector bundle 
{T*{Q/G),ujo — Bfj^), where i?^ is a magnetic term; If G is not abelian and ^ G, the regular 
point reduced space {{T*Q)^,uj^) is symplectic diffeomorphic to a symplectic fiber bundle over 
T*{Q/Gy) with fiber to be the coadjoint orbit O^. In the case of regular orbit reduction, from 
Ortega and Ratiu [26] and the regular reduction diagram, we know that the regular orbit reduced 
space {{T*Q)oij_-,^^Ofj) is symplectic diffeomorphic to the regular point reduced space ((T*(5)^, cj^), 
and hence is symplectic diffeomorphic to a symplectic fiber bundle. Thus, if we may define a RCH 
systems on a symplectic fiber bundle, then it is possible to describe uniformly the RCH systems on 
T*Q and their regular reduced RCH systems on the associated reduced spaces. 



3 Regular Controlled Hamiltonian Systems 

In this paper, our goal is to study regular reduction theory of RCH systems with symplectic 
structure and symmetry, as an extension of regular symplectic reduction theory of Hamiltonian 
systems under regular controlled Hamiltonian equivalence conditions. Thus, in order to describe 
uniformly RCH systems defined on a cotangent bundle and on regular reduced spaces, in this 
section we first define a RCH system on a symplectic fiber bundle. In particular, we obtain the 
RCH system by using the symplectic structure on the cotangent bundle of a configuration manifold 
as a special case, and discuss RCH-equivalence. In consequence, we can study the RCH systems 
with symmetry by combining with regular symplectic reduction theory of Hamiltonian systems. 

Let {E,M,N,Tr,G) be a fiber bundle and {E,uje) be a symplectic fiber bundle. If for any 
function : — )> M, we have a Hamiltonian vector field Xh by ixn'^E = dH, then {E,u}e, H) is a 
Hamiltonian system. Moreover, if considering the external force and control, we can define a kind 
of regular controlled Hamiltonian (RCH) system on the symplectic fiber bundle E as follows. 

Definition 3.1 (RCH System) A RCH system on E is a 5-tuple {E,uje, H, F,W) , where {E,uje,H) 
is a Hamiltonian system, and the function H : E is called the Hamiltonian, a fiber-preserving 
map F : E ^ E is called the (external) force map, and a fiber submanifold W of E is called the 
control subset. 

Sometimes, W also denotes the set of fiber-preserving maps from E to W. When a feedback control 
law u : E ^ W is chosen, the 5-tuple {E,u}e, H, F,u) denotes a closed-loop dynamic system. In 
particular, when Q is a smooth manifold, and T*Q its cotangent bundle with a symplectic form 
u (not necessarily canonical symplectic form), then {T*Q,u}) is a symplectic vector bundle. If we 
take that E = T*Q, from above definition we can obtain a RCH system on the cotangent bundle 
T*Q, that is, 5-tuple {T*Q,u}, H, F,W). Where the fiber-preserving map F : T*Q T*Q is the 
(external) force map, that is the reason that the fiber-preserving map F : E ^ E is called an 
(external) force map in above definition. 

In order to describe the dynamics of the RCH system (E,uje, H, F,W) with a control law u, 
we need to introduce a notations for vertical lifts along fiber. For the bundle n : E ^ M and any 
a point X € M, Ex = 'k~^{x) is the fiber over x, the vertical lift operator vlift : E x E ^ TE is 
defined as follows: 

{ux + svx), V Ux,Vx G Ex- 

=0 

The vertical lift of a fiber-preserving map F : E ^ E is a section, vlift (-F) : E TE, defined by 

Yiih{F){vx) = Ymt{F{vx),vx), yv^e Ex, 

and vlift(ii) is defined in the similar manner. The vertical lift of a fiber submanifold of is the 
subset of TE defined by 

vlift(T^) = IJ {vlift(?;^,n^)| G Ex,Vx G W^}. 



Tu^E B vlift{vx,Ux] 
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For the RCH System {T*Q,uj, H, F,W), when a feedback control law u : T*Q W is chosen, by 
using the notations for vertical lifts along fiber, we can give a expression of vector field X(^t*q,ui,h,f,u) 
of the RCH system {T*Q, uj, H, F, W) with a control law u as follows 

XiT'Q,.,H,F,u) = (dF)» + vlift(F) + vlift(n) (1) 

where ft : T*T*Q TT*Q; dH ^ (dH)^ such that i^dH)»^ = ^H, that is, {dH^ = Xh- 

Next, we note that when a RCH system is given, the force map F is determined, but the 
feedback control law u : T*Q ^ W could be chosen. In order to describe the feedback control law 
to modify the structure of RCH system, the Hamiltonian matching conditions and RCH-equivalence 
are induced as follows. 

Definition 3.2 (RCH-equivalence) Suppose that we have two RCH systems {T*Qi,u}i, H^, Fi, Wi), i = 

1,2, we say them to be RCH- equivalent, or simply, {T*Qi,uji, Hi, Fi,Wi) ~ {T*Q2,u}2, H2, F2,W2), 
if there exists a diffeomorphism ^ ■ Qi ^ Q2, such that the following Hamiltonian matching con- 
ditions hold: 

RHM-1: The cotangent lift map of f, that is, ip* = T*ip : T*Q2 — >• T*Qi is symplectic, and 
Wi = ^*{W2). 

RHM-2: /m[(dFi)« + vlift (Fi) - {{ip^)* dH2f - wm{ip* F2ip*)] C vlift(T^i), where the map = 
{if-^y : T*Qi T*Q2, and (ip*)^ = (ip^)* = TV* : T*T*Q2 T*T*Qi, and Im means the 
pointwise image of the map in brackets. 

It is worthy of note that our RCH system is defined by using the symplectic structure on the 
cotangent bundle of a configuration manifold, we must keep with the symplectic structure when we 
define the RCH-equivalence, that is, the induced equivalent map ip* is symplectic on the cotangent 
bundle. In the same way, for the RCH systems on the symplectic fiber bundles, we can also 
define the RCH-equivalence by replacing T*Qi and (p ■ Qi ^ Q2 Ei and tp* : E2 ^ Ei, 
respectively. Moreover, the following Theorem 3.3 explains the significance of the above RCH- 
equivalence relation. 

Theorem 3.3 Suppose that two RCH systems {T*Qi,uJi, Hi, Fi,Wi), i = 1,2, are RCH-equivalent, 
then there exist two control laws Ui : T*Qi Wi, i = 1,2, such that the two closed-loop systems 
produce the same equations of motion, that is, X(^r*Qi,uji,Hi,Fi,ui) ■ ^* = T{(P*)X(^t*Q2,lo2,H2,F2,u2)> 
where the map T{ip*) : TT*Q2 — >■ TT*Qi is the tangent map of (p* . Moreover, the explicit relation 
between the two control laws Ui,i = 1,2 is given by 

vlift('ui) - vmt{^*U2ip,) = -(dHi)^ - vlift(Fi) + {{ip,)*dH2)^ + vlift(99*F2V9*) (2) 

Proof: From (1), we have that -^(T*Qi,tJi,Hi,Fi,ui) = (d-ffi)'^ +vlift(Fi) + vlift(ni) and 

Tiip*)X^T*Q,,^2,H2,F2,U2) = r(^*)[(dif2)» + vlift(F2) + Vlift(n2)] 

= T{ip*){dH2f + r((/j*) vlift (F2) + r(v?*)vlift(n2) 
T*Q2 TT*Q2 ^ — T*T*Q2 



Tip* 



T*Qi > TT*Qi < T*T*Qi 

vlift i 

Diagram-2 
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From the commutative Diagram-2 and the definition of the vertical Hft operator vHft, we have that 
for a G T*Q2, 



r((^*)vUft(F2)(a) = T{^*) - 



{a + sF2{a)) 



s=0 



d_ 

Is 



s=0 



In the same way, we have that T((/9*)vhft(ii2) = vhft((/9*n2(/J=i,) ■ if*. Since <p* : T*Q2 — > T*Qi is 
symplectic, and i(^dHi)t'^i — ^Hi, we have that T{ip*){dH2)^ = {{(p*)* dH2)^ ■ (f* ■ Thus, 

T[^*)X^T^Q^^^,,H,,F,,u,) = {{^*T'^H2f ■ + vhft(v9*F2^,) • ^* +Vlift((^*n2(/P.) • 

From X(T*Qi,t^i,/fi,Fi,«i) • = T{ip*)X^T*Q^^^^^H2,F2,u2)^ we have that (2) holds. ■ 

In the following we shall introduce the regular point and regular orbit reducible RCH with 
symplectic form and symmetry, and show a variety of relationships of their regular reduced RCH- 
equivalences. 



4 Regular Point Reduction of RCH Systems 

Let Q be a smooth manifold and T*Q its cotangent bundle with the symplectic form u. Let 
$:Gx(5— T^Qbea smooth left action of the Lie group G on Q, which is free and proper. Then 
the cotangent lifted left action $-^* : G x T*Q T*Q is symplectic, free and proper, and admits 
an Ad*-equivariant momentum map J : T*Q 3*, where g is a Lie algebra of G and g* is the dual 
of 0. Let /i G g* be a regular value of J and denote by the isotropy subgroup of the coadjoint 
G-action at the point ^ G g*, which is defined by = {g ^ G|Ad*/i = /u}. Since G^(c G) 
acts freely and properly on Q and on T*Q, then = Q/G^ is a smooth manifold and that the 
canonical projection : Q ^ is a surjective submersion. It follows that G^ acts also freely 
and properly on J~^{p), so that the space (T*Q)^ = J~^{fi)/G^ is a symplectic manifold with 
symplectic form oj^ uniquely characterized by the relation 

The map : J~^{fi) T*Q is the inclusion and vr^ : J~^(^) {T*Q)^ is the projection. The 
pair {{T*Q)^,uj^) is called the symplectic point reduced space of {T*Q,oj) at p. 

Remark 1 // T*Q is a connected symplectic manifold, and J : T*Q Q* is a non-equivariant 
momentum map with a non-equivariance group one-cocycle a : G g*, which is defined by cr{g) : = 
J{g ■ z) — Ad*_i 3{z), where g (z G and z G T*Q. Then we know that a produces a new affine 
action : G x g* — > g* defined by Q{g, fi) := Ad*_i fi + cr{g), where fi G g*, with respect to which 
the given momentum map J is equivariant. Assume that G acts freely and properly on T*Q, and 
G^ denotes the isotropy subgroup of fi Q* relative to this affine action and fi is a regular value 
of J. Then the quotient space (T*Q)^ = J~^(^)/G^ is also a symplectic manifold with symplectic 
form uniquely characterized by (3). 

If H : T*Q — 7- M is a G-invariant Hamiltonian, the flow Ft of the Hamiltonian vector fleld Xh 
leaves the connected components of J~^(/x) invariant and commutes with the G-action, then it 
induces a flow on {T*Q)^, deflned by f^ -ir^ = tt^- Ff i^, and the vector fleld Xh^ generated by 
the flow fl^ on {{T*Q)fj_,uj^) is Hamiltonian with the associated regular point reduced Hamiltonian 
function /i^ : {T*Q)^ M defined hy h^ ■ tt^ = H ■ i^, and the Hamiltonian vector fields Xu 
and Xh^ are 7r^-related. See Ortega and Ratiu [26]. On the other hand, from section 2, we know 
that the regular point reduced space {(T*Q)^,uj^) is symplectic diffeomorphic to a symplectic fiber 
bundle. Thus, we can introduce a regular point reducible RCH systems as follows. 
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Definition 4.1 (Regular Point Reducible RCH System) A 6-tuple {T*Q,G,u), H, F,W), where the 
Hamiltonian H : T*Q — t- M, the fiber-preserving map F : T*Q — t- T*Q and the fiber submanifold 
W of T*Q are all G-invariant, is called a regular point reducible RCH system, if there exists a 
point € 0*, which is a regular value of the momentum map J, such that the regular point reduced 
system, that is, the 5-tuple ((T*(5)^, w^, /i^, W^), where {T*Q)^ = J~^(^)/G^, 7r*u;^ = i*^u}, 

■ 7^1^ = H ■ i^, • vr^ = vr^ • • i/x; W C J~^(//), = 7r^(VF), is a RCH system, which is simply 
written as Rp-reduced RCH system. Where {(T*Q)^,uj^) is the Rp-reduced space, the function 

: {T*Q)fj_ — > M is called the reduced Hamiltonian, the fiber-preserving map f^ : (T*Q)fj_ — > {T*Q)^ 
is called the reduced (external) force map, is a fiber submanifold of {T*Q)^ and is called the 
reduced control subset. 

Denote by X^q^^QQ^^ffp^-j the vector field of regular point reducible RCH system {T*Q, G,tJ, H, 
F, W) with a control law u, then 

XiT'Q,G,u,H,F,u) = (di^)« + vlift(F) + vlift(u). (4) 

Moreover, for the regular point reducible RCH system we can also introduce the regular point 
reduced controlled Hamiltonian equivalence (RpCH-equivalence) as follows. 

Definition 4.2 (RpCH-equivalence) Suppose that we have two regular point reducible RCH systems 
{T*Qi,Gi,uJi, Hi, Fi,Wi), i = 1,2, we say them to be RpCH-equivalent, or simply, 

{T*Qi,Gi,u}i,Hi,Fi,Wi) (T*Q2,G2,i^2,H2,F2,W2), if there exists a diffeomorphism : 

Qi Q2 such that the following Hamiltonian matching conditions hold: 
RpHM-1: The cotangent lift map ip* : T*Q2 T*Qi is symplectic. 

RpHM-2: For Hi £ g*, the regular reducible points of RCH systems {T*Qi,Gi,uJi, Hi, Fi,Wi), i = 
1,2, the map = i~l -ip* -i^^ : J^"'^(//2) ^i^itJ-i) is {G2ij,2,Gi^^)-equivariant and Wi = ip*^{W2), 
where n = {^11,^2), and denote by iJ^^iS) the preimage of a subset S C T*Qi for the map : 

RpHM-3: /?Ti[(di/i)« +vlift(Fi) - (((/?*)*di72)* - vlift((^*F2^*)] C vlift(VFi). 

It is worthy of note that for the regular point reducible RCH system, the induced equivalent 
map ip* not only keeps the symplectic structure, but also keeps the equivariance of G-action at the 
regular point. If a feedback control law u^ : {T*Q)^ — )• VF^ is chosen, the iip-reduced RCH system 
{{T*Q)^,oj^, h^, f^,u^) is a closed-loop regular dynamic system with a control law u^. Assume 
that its vector field ^({T*Q)p,a;p,h^,/p,Mp) can be expressed by 

XaT-'Q),,.M„u,) = (dV)« + vlift(/^) + vlift(n^), (5) 
and satisfies the condition 



Then we can obtain the following regular point reduction theorem for RCH system, which explains 
the relationship between the RpCH-equivalence for regular point reducible RCH systems with 
symmetry and the RCH-equivalence for associated i?p-reduced RCH systems. This theorem can 
be regarded as an extension of regular point reduction theorem of Hamiltonian systems under 
regular controlled Hamiltonian equivalence conditions. 

Theorem 4.3 Two regular point reducible RCH systems {T*Qi,Gi,uji, Hi, Fi,Wi), i = 1,2, are 
RpCH-equivalent if and only if the associated Rp-reduced RCH systems {(T*Qi)^^,Uif^.,hif^., fi^-, 
Wi|^^),^ = 1,2, are RCH -equivalent. 
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Proof: If {T*Qi,Gi,uJi,Hi,Fi,Wi) (T*Q2, G2, ^2, ^2, i^2, W2), then there exists a dif- 

feomorphism if : Qi ^ Q2 such that ip* : T*Q2 T*Qi is symplectic and for G Q*,i = 1,2, 

holds. From the fohowing commutative Diagram-3: 

r*Q2 J2-'(^2) 



I ■ ^p* ■ ■■ J2nM2) Ji^(Mi) is (G2;,2,Gi^J-equivariant, Wi = ip*{W2) and RpHM-3 



T*Qi f- 



(T*Q 



Diagram-3 

We can define a map V'^/g • i'^*Q'i)f^2 ~^ {T*Qi)^-^ such that '/'^/g ' = "^a*! ' '^li- Because 
V7* : J2 ^(/^2) — >■ Jr^(/^i) is (^2^2! G'i^i)-equivariant, V'j^/c' well-defined. We shall show that V'^/c 
is symplectic and Wi^j = 1^2/^2 )• Iii feet, since 99* : T*Q2 — >■ T*Qi is symplectic, the map 

{if*)* : 172(r*Qi) ^ 02(r*Q2) satisfies = W2- By (3), = vr*^Wi^,,i = 1,2, from the 

following commutative Diagram-4, 

02(T*Q2) f^'(J2^'(;fi2)) 1^2((;^*g^)^j 

Diagram-4 

we have that 

= V2 • ('^ ) ■ (Vi ) ■ Vi^l = V2 • (¥' ) Wi = ^^^W2 = 71-^2 W2^2- 

Notice that vr*^ is a surjective, thus, = W2^2- Because by hypothesis Wi C J~"'^(/ij), 

M^j/xi = « = 1, 2 and Wi = 9?* (W2), we have that 

Next, from (4) and (5), we know that for i = 1,2, 

(di/i)» + vlift(F,)+vlift('u,), 



Xi 



^{{T* Qi)^^ -i^^ifi^ -,^1^1 if ifi^ j'^ifi^ ) 

and from (6), we have that 



(d/i,^J«+vlift(/,^J+vlift( 



Since Hi,Fi and Wi are all Gj-invariant, z = 1,2 and 

hifn ■ T^fMi = Hi ■ i^-, fifj^. ■ vr^^ = vr^^. • Fi ■ i^^, Uifj,. ■ vr^^ = tt^. • Ui ■ i^^, i = 1, 2. 
From the following commutative Diagram-5, 

T*r*Q2 r*j2^^f2) T*((r*Q2)M2) 



T*T*Qi 
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Diagram-5 

we have that vr*^ • ((/5*^g)*d/i2;,2 = "^^i ' {'P*)*dH2, then 

vlift(v'^/G • /2m2 ■ V'm/g*) • TT^i = ^TT^i • vhft((/?*F2(/?*) • i^i, 

where (/p^/g, = {^-X/G ■ ^ (r*Q2)^2 and (c^^/^), = ((^^/g*)* : T*{{T*Q2)^2] 

T* {{T* Q\) . From Hamiltonian matching condition RpHM-3 we have that 

/m[(d/ii^J** + vhft(/i^J - ((v'*/G)*d/i2^2)'' - vhft(v3*/G, • /2^2 • v^^/g*)] 

Cvhft(W^i^J. 



(7) 



So, 



~ ((r*Q2) 



Conversely, assume that iip-reduced RCH systems {{T*Qi)^-,uji^-,hif^., fi^^,Wif,^), i = 1,2, 
are RCH-equivalent. Then there exists a diffeomorphism ^*^/q ■ {T*Q2)f_i2 ~^ which 
is symplectic, Wif^-^ = V^/G(^2/i2); A** ^ i = 1,2 and (7) holds. We can define a map 

: ^(Ai2) Jr^(A*i) such that vr^^ • = • vr^j; and the map 99* : T*Q2 T*Qi such that 
if* •i^2 = Vi ''-P*iJ.'-' commutative Diagram-3, as well as a diffeomorphism ^ ■ Qi —?■ Q2, whose 

cotangent lift is just 99* : T*Q2 — )■ T*Qi. From definition of (/?*, we know that 99* is {G2^2^^if^i)' 
equivariant. In fact, for any Zi G J^^{fj,i), gi G Gi^^, i = 1,2 such that zi = (^2), [2:1] = (f*^^^[z2], 
then we have that 

TTmi • V';^(^2g2(^2)) = Vr^i " Vl{g2Z2) = V?*/G ' ■^fi2i92Z2) = V'^/g[^2] = [zi] 

= 7r^i(5i2i) = 7r^i($i3i(2;i)) = vr^^ • ^>igi • (/9*(z2). 

Since vr^j is surjective, so, -$252 = ^131 -V^^- Moreover, 7r^i(W^i) = Wi^^ = 9')^/g(^2m2) = V'j^/G" 
'^2112(^2) = TT^i ■ '/'^(W^2)- Since C J,^^(;Ui),z = 1,2 and tt^^ is surjective, then Wi = 9?^(W2). 
We shall show that ip* is symplectic. Because V'lt/G ■ 0^*Q2)ii2 ~^ iT*Qi)^i is symplectic, the map 
(ip*^^^)* : 02((T*Qi)^J ^ n\{T*Q2)f,2) satisfies (v'^/g)*^!^ = ^2^2- By (3), i^^Ui = = 
1,2, from the commutative Diagram-4, we have that 

^^2^2 = T^*^2'^2i^2 = ■ (</g)*'^1A'i = (V'^/G • ^M2)*WlMi = (^A'l " ^*^^T^l^^l 

= (Vi -"P • V2) • Si'^i/.i = V2 ■ ) • (Vi ) ■ Vi^i = V2 ■ (v^ ) ^1- 

Notice that i*^ is injective, thus, uj2 = Since the vector field ^(r*Qi,Gi,cj,,_f/,,Fi,Mi) and 

^({T*QOM,,'^.M..'^»Mi./iM,.««M.) is TT^rrelated, i = 1,2, and and are ah Gi-invariant, i = 1,2, 

in the same way, from (7), we have that 

Im[{dHi)^ + vlift(Fi) - {{^^ydH2)^ - vmt{^*F2^^)] C vlift(T^i), 

that is, Hamiltonian matching condition RpHM-3 holds. Thus, 

{T* Gi, 001, Hi, Fi, Wi) {T*Q2, 02,002, H2,F2,W2). ■ 
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5 Regular Orbit Reduction of RCH Systems 



Let /X G g* be a regular value of the momentum map J and = G • /x C be the G-orbit of the 
coadjoint G-action through the point Since G acts freely, properly and symplectically on T*Q, 
then the quotient space {T*Q)q^ = 3~^{0^)/G is a regular quotient symplectic manifold with the 
symplectic form w^)^ uniquely characterized by the relation 

i*o^Lo = TT*o^(^o^ + Jo^^o^ , (8) 

where Jq^ is the restriction of the momentum map J to J~^(0^), that is, Jq^ = J ■ io^ and loq^ 
is the (+)-symplectic structure on the orbit given by 

^0^M(^8*M.VM) =< '^'K''?] >' Vi/eO^, e,77G0. (9) 

The maps : J^^((!?^) — T*Q and ttq^ : J~^(0^) — {T*Q)o^ are natural injection and the 
projection, respectively. The pair ((r*(5)c'^,a;o^) is called the symplectic orbit reduced space of 
{T*Q,ijj). If H : T*Q ^ M is a G-invariant Hamiltonian, the flow Ft of the Hamiltonian vector 
field Xh leaves the connected components of J~^(C'^) invariant and commutes with the G-action, 
then it induces a flow f^ ^ on {T*Q)o^, defined by ^ • iro^ = t^o^ ■ Ft ■ ^o^, and the vector field 
Xh^^ generated by the flow on ((T*(5)c)^, w^^) is Hamiltonian with the associated regular 
orbit reduced Hamiltonian function ho^ : {T*Q)ci^ — )• M defined by ho^ • vro^ = H ■ iq^ and the 
Hamiltonian vector fields Xh and X^^^^ are tto^ -related. See Ortega and Ratiu [2G]. 

When Q = G is a Lie group with Lie algebra g, and the G-action is the cotangent lift of left 
translation, then the associated momentum map : T*G — ?> g* is right invariant. In the same 
way, the momentum map J^^ : T*G g* for the cotangent lift of right translation is left invariant. 
For regular value /i G g*, = G ■ fi = {Ad*_i ii\g G G} and the Kostant-KirilUov-Sourian (KKS) 
symplectic forms on coadjoint orbit C^(c g*) are given by 

'^o^(i')(ad|(i/),ad*(i/)) = - < u,[£,,r]] >, V z/ G O^, ^,7? G g. 

From Ortega and Ratiu [2(3], we know that by using the momentum map J/j one can induce a 
symplectic diffeomorphism from the symplectic point reduced space ((T*G)^,a;^) to the symplectic 
orbit space {0^,ujq ). In general case, we maybe thought that the structure of the symplectic orbit 
reduced space ((r*(5)o^,a;o^) is more complex than that of the symplectic point reduced space 
((T*Q)^, cj^), but, from the regular reduction diagram, we know that the regular orbit reduced 
space {(T*Q)of^,^jJOf,) is symplectic diffeomorphic to the regular point reduced space ((r*(5)^, cj^), 
and hence is also symplectic diffeomorphic to a symplectic fiber bundle. Thus, we can introduce a 
kind of the regular orbit reducible RCH systems as follows. 

Definition 5.1 (Regular Orbit Reducible RCH System) A 6-tuple {T*Q,G,u}, H,F,W), where the 
Hamiltonian H : T*Q M, the fiber-preserving map F : T*Q — )■ T*Q and the fiber submanifold 
W of T*Q are all G-invariant, is called a regular orbit reducible RCH system, if there exists a 
orbit Op, /X G g*, where fx is a regular value of the momentum map J, such that the regular orbit 
reduced system, that is, the 5-tuple {{T*Q)o^,ujOf^,ha^, fQ^,Wo^), where {T*Q)o^ = J~^{0^)/G, 
'^h^.^o^ = ih^^ - ^o^^o^' • vro^ = H ■ io^, fo^ ■ vro^ = tto^ ■ F ■ io^, W C J"'^{0^), 
Wq^ = vr0^(Ty), is a RCH system, which is simply written as Ro-reduced RCH system. Where 
{{T*Q)o^,ujo^) is the Ro-reduced space, the function ho^ : {T*Q)q^ — R is called the reduced 
Hamiltonian, the fiber-preserving map fo^ '■ (T*(5)o^ — )> {T*Q)q^ is called the reduced (external) 
force map, Wq^^ is a fiber submanifold of {T*Q)o^, and is called the reduced control subset. 

Denote by X(^j'*Q Q^^^fj,F,u) the vector field of the regular orbit reducible RCH system {T*Q, G, u, 
H, F, W) with a control law u, then 

XiT'Q,G,u,H,F,u) = (dH)^ + vlift(F) + vlift(u). (10) 
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Moreover, for the regular orbit reducible RCH system we can also introduce the regular orbit 
reduced controlled Hamiltonian equivalence (RoCH-equivalence) as follows. 

Definition 5.2 (RoCH-equivalence) Suppose that we have two regular orbit reducible RCH systems 
{T*Qi,Gi,uJi, Hi, Fi,Wi), i = 1,2, we say them to be RoCH-equivalent, or simply, 

RoC H 

{T*Qi,Gi,ijJi, Hi, Fi,Wi) ~ {T*Q2,G2,u^2, H2, F2,W2), if there exists a diffeomorphism ip : 
Qi Q2 such that the following Hamiltonian matching conditions hold: 
RoHM-1: The cotangent lift map (p* : T*Q2 — )■ T*Qi is symplectic. 

RoHM-2: ForOfj,., fn G Q*, the regular reducible orbits of RCH systems {T*Qi,Gi,LOi,Hi,Fi,Wi), 
i = 1,2, the map ip*Q^ = ■ ip* ■ io^,^ '■ ~^ "^i i^fj-i) ^-^ {G2,Gi)-equivariant, Wi = 

fh^^i^-i)' '^^d Jso^^w+p^^ = i^o^)* ■ Jlci^^uf^^^, where ^ = {fii,fi2), and denote by iol^{S) the 
preimage of a subset S C T*Qi for the map io^^ '• Jr^(^Mi) ~^ T*Qi. 
RoHM-3: /m[(di?i)tt + vlift(Fi) - {{ip^)*dH2)^ - vlift((/?*F2(/j*)] C vlift(Tyi). 

It is worthy of note that for the regular orbit reducible RCH system, the induced equivalent 
map ip* not only keeps the symplectic structure and the restriction of the (+)-symplectic struc- 
ture on the regular orbit to J~^(0^), but also keeps the equivariance of G-action on the regular 
orbit. If a feedback control law uq^ '■ {T*Q)o^ — ^ ^® chosen, the iio-i'educed RCH system 

{{T*Q)of_,,^Of^i ho^, fa^,uo^) is a closed-loop regular dynamic system with a control law ua^- 
Assume that its vector field X{{T*Q)Of,,'^Of,,ho^Jo^,uoij,) expressed by 

^{{T'Q)o^,cua^,ho^Jo^,uo^) = {dhoj + vlift(/oJ + vlift(noJ, (11) 
and satisfies the condition 

^{(T*Q)o^,u>o^^o^Jo^,no^) • ^C>M = ^^Om ■ ^{T*Q,G,uj,H,F,u) ' • (12) 

Then we can obtain the following regular orbit reduction theorem for RCH system, which explains 
the relationship between the RoCH-equivalence for the regular orbit reducible RCH systems with 
symmetry and the RCH-equivalence for associated -Ro-i'educed RCH systems. This theorem can be 
regarded as an extension of regular orbit reduction theorem of Hamiltonian systems under regular 
controlled Hamiltonian equivalence conditions. 

Theorem 5.3 If two regular orbit reducible RCH systems (T*Qi,Gi,Ui,Hi,Fi,Wi), i = 1,2, are 
RoCH-equivalent, then their associated Ro-reduced RCH systems {{T*Q)o^- , ^iOf_,. ■, ^iO^j ; /^d^i ' ^iO^^), 
i = 1,2, must be RCH-equivalent. Conversely, if Ro-reduced RCH systems i{T*Q)ci^^ , ^io^^ ■, ^io^^ ■, 
fiOfi-',Wio^,-), i = 1,2, are RCH-equivalent and the induced map (p^^ : ^(0^2) ~^ JT^C^mi)' •s^^c/j 
that ^^UJ2Q^ = (¥'0^)* ■ Jio,! ^10^ ' ^^^'^ regular orbit reducible RCH systems {T*Qi,Gi,uJi, 
Hi, Fi,Wi), i = 1,2, are RoCH-equivalent. 

Proof: If {T*Qi,Gi,iOi,Hi,Fi,Wi) (r*Q2, G2, wa, ^2, i^2, W2), then there exists a dif- 

feomorphism : Qi ^ Q2, such that ip* : T*Q2 — s- T*Qi is symplectic and for /Xj G Q*,i = 1,2, 
Vo„ = ^ol,-'P*-^o^, ■■ J2^(Om2) ^ Jr^(^w) is (G2,Gi)-equivariant, Wi = ip*o^{W2), ^o^^^to^^ = 
{(p*Q^)* ■ 3\q^ , and RoHM-3 holds. From the following commutative Diagram-6, 



T*Q2 ^ ^2\0,,) ^ {T*Q2)o, 



Diagram-6 
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we can define a map 1^ : {T*Q2)Of_,2 ~^ i such that (/9^ ig''^^p-2 ~ '^'^n'^o^- Because 

V'o,! • '^2^i^f^2) ~^ "^i^i^m) is (G2, Gi)-equivariant, i^q^/q is well-defined. We can prove that 
'Po^/G is symplectic, that is, ('/'o^/g)*^icImi = ^20^2 and Wio,,^ = V*o^/GiW20^^)- In fact, since 
ip* : T*Qi T*Q2 is symplectic, the map (v?*)* : ^'^{T*Qi) Q?{T*Q2) satisfies {ip*)*uJi = oj2- 



By (8), = T^h.^^iO,, + J:o^^a;+ 

following commutative Diagram-7, 



1, 2, and J 



, from the 



Diagram-7 



we have that 



Ml 

'm2 ^'-^/J2 



7ro^2'^20^2- 



Because vr^ is surjective, thus (c/?^ 



a;2o^2- Notice ^^^^ ^ J*"^^^.)' "^iO^ 



TTo^. (VFj), i = 1,2, and M^i = (/90^(VF2), we have that 
Next, from (10) and (11), we know that for i = 1,2, 

XiT*Q,,G.,u.,,m,F,,u,) = (di/,)» + vlift(F,) + vlift(7X,), 

X{{T*Q.)o,^,u..o,^Mo,^,no,^,u.o,^) = (d/i.o^^)« +vlift(/,o^^) + vlift(nio^J, 
and from (12), we have that 

Since Hi, Fi and Wi are all Gj-invariant, i = 1,2, and 



From the following commutative Diagram-8, 



1,2. 



T*T*Q2 r*J^^(0^2) T*{{T*Q2) 



T*T*Qi 



Diagram-8 
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we have that vrj,^^ • {Vo^/g)*^^20^,2 = ^o^^ ■ ('/'*)*dff2, then 

iifOf,/G)*^^20^J^ ■ vro^i = Ttto^^ ■ ((93*)*dif2)" • io^^, 
vhft((^0^/(^ • /2CIm2 ■ "PO^/G*) ■ TTo^i = Ttto^.^ ■ vhft(v3*F293*) • io^^ , 

where the map ifo^/G* = if~%^/G ■ (^*Qi)cImi ^ iT*Q2)o^,^ and (9^0^/^)* = (v'o^/G*)* : 
r*((r*(52)c)f.2) ^ T*{{T*Qi)o^J- From the Hamiltonian matching condition RoHM-3 we have 
that 

/m[(d/iio^J* + vhft(/io^J - i{ip*a^/G)*dh2o^,f - vhft((^0^/G • f2o^^ ■ ^o^/g*)] 

CvmtiWioJ. (13) 



So, 



Conversely, assume that i?o-reduced RCH systems {iT*Qi)o^^,(^iO^^,hio^^, fiO^.,Wio^J, i = 
1,2, are RCH-equivalent, then there exists a diffeomorphism tp'^ : (T*Q2)of^2 ~^ (^*Qi)c'pi) 
which is symplectic, Wio^^ = ^ / g^^o and (13) hold. Thus, we can define a map ip*Q^ : 
J2 ^(0^2) ~^ Jr^(^Mi) such that vTo^^ • ip*Q^ = '■P*q^ig ' "^o^^ ; and map (p* : T*Q2 — )> T*Qi such that 
io^^ • = ^* • ^Ofjj' commutative Diagram-6, as well as a diffeomorphism if Qi ^ Q2, 

whose cotangent lift is just ip* : T*Q2 — )• T*Qi. At first, from definition of we know that (p^^ 
is (G2, Gi)-equivariant. In fact, for any Zj G Jr^(C'p.), g Gj, i = 1,2 such that zi = (f^ (22), 
[zi] = 93^^yg[z2], then we have that 

^Omi • ^^0^(^292(^2)) = TTOn • ^0^(9222) = Vo^/G ■ ^0^2(52^2) = ^o^/g\^2] 

= [Zl] = T^O^^{giZl) = -Ko^S^lgAzi)) = • ^'Igi " V^O^(^2). 

Since vro^^ is surjective, so, (p*o/'^2g2 = '^igi'fh.r Moreover, Tro^^{Wi) = Wio^^ = '/'o^/g(^2C>^2 ) = 
"Po^/G • ^0^2(^2) = 7rc)^,j • ^*o^S^2)- Since Wi C J^"^(O^J, i = 1,2, and tto^^ is surjective, 
then Vl^i = (Pq (W2). Now we shall show that ip* is symplectic, that is, 002 = {(p*)*uJi. In fact. 



1)0 



Ml • 



since V^^^/^ ' i'^*Q2)o^,2 ^ (r*Qi )c',i-^ is symplectic, the map {'Pq^/g^ ' ^ {{T*Q 
n'^{{T*Q2)o,,) satisfies (9'o^/g)*wiOmi = ^20^2' (8), i^^^t^i = vr^^^Wio^, + J*o^^^w+,^^ , i = 1,2, 
from the commutative Diagram-7, we have that 

^0^,^2 = vr^^^6J20^2 +^*20^,^to^^ = ^20^2 ■ ('^Om/g)*^1<^mi + ^*20^,^to^^ 
= i'Ph^/G ■ 7r0^2)*^l<^Mi + J20^2'^20m2 " ^^^"1 ■ "^oJ^^IOmi + J20„2^^0^2 

= ^0^2 ■ ■ ('i)* ■ ['C^pi^^l " J^O^i^I^OmJ +"^20^2'^i?M2 

Notice that is injective, and by our hypothesis, ^20^, '^20^ ~ (v'c'^)* ' *^io^ "^lO^ ' ^^^^ 
^2 = (¥'*)*wi, that is, ip* is symplectic. Since the vector fields ^T*Qi,Gi,u)i,Hi,Fi,Ui) and 
^iiT*Q^)o^,^,i^^o^^^^o^,^Jw^,^,u,o^^) TTo^^ -related, i = 1,2, and Hi,Fi and VF^ are ah Gj-invariant, 
i = 1,2, in the same way, from (13) we have that Hamiltonian matching condition RoHM-3 holds. 
Thus, 

{T*Qi, Gi,uJi,Hi,FuWi) "^"S"" {T*Q2, G2 , a;2 , i^2 , i^2 , W2). ■ 
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6 Applications 



As the applications of regular point reduction theory of RCH system with symmetry, in this section, 
we first study the regular point reducible RCH system on a Lie group, and its i?p-reduced RCH 
system is a RCH system on a coadjoint orbit C g*, G 0*, where g is a Lie algebra of G and 
Q* is the dual of g. Next, we regard the rigid body and heavy top as well as them with internal 
rotors (or the external force torques) as the regular point reducible RCH systems on the rotation 
group S0(3) and on the Euclidean group SE(3), respectively, and give their i?p-reduced RCH 
systems and discuss their RCH-equivalence. Moreover, in order to understand well the abstract 
definition of RCH system and the significance of Theorem 3.3, we describe the RCH system from 
the viewpoint of port Hamiltonian system with a symplectic structure, and state the relationship 
between RCH-equivalence and equivalence of port Hamiltonian system. 

6.1 Regular Point Reducible RCH System on a Lie Group 

Let G be a Lie group with Lie algebra g and T*G its cotangent bundle with the canonical symplectic 
form ujQ. A RCH system on G is a 5-tuple {T*G, coq, H, F, W), where {T*G, coq, H) is a Hamiltonian 
system and : T*G — > M is a Hamiltonian, the fiber-preserving map F : T*G — > T*G is a 
(external) force map and the fiber submanifold of T*G is a control subset. 

At first, for the Lie group G, the left and right translation on G, defined by the map Lg : G 
G, h >—?■ gh and Rg : G ^ G, h >—?■ hg, for someone g £ G, induce the left and right action of G on 
itself. Let Ig : G ^ G; Ig{h) = ghg~^ = Lg ■ Rg-i{h), for g,h € G, be the inner automorphism on 
G. The adjoint representation of a Lie group G is defined by Ad^ = T^Ig = Tg-iLg-TeRg-i : g — >■ g. 
The coadjoint representation is given by Ad*_i : g* ^ g*, where Ad*_i is the dual of the linear 
map Adg-i, defined by (Ad*_i (^u), ^) = (/x, Ad^-i (^)), where € g*, ^ € g and (,) denotes the 
pairing between g* and g. Since the coadjoint representation Ad*_i : g* — t- g* can induce a left 
coadjoint action of G on g*, the coadjoint orbit of this action through € g* is the subset of 
g* defined by := {Ad*_i(/i) € Q*\g € G}, and is an immersed submanifold of g*. We know 
that g* is a Poisson manifold with respect to the (ib)-Lie-Poisson bracket {•, ■}± defined by 

{/,ff}±(/.):=±</.,[^,^]>, V/,<7GG~(g*), /i € g*, (14) 

where the element |^ G g is defined by the equality < v, ^ >:= Df{fi) ■ v, for any v G g*, see 
Marsden and Ratiu [22]. Thus, for the coadjoint orbit O^, ^ € g*, the orbit symplectic structure 
can be defined by 

a;±/z.)(ad|(z.),ad;(z.)) = ±(z.,[^,7?]), V^,77eg, ueO^Cg*, (15) 

which are coincide with the restriction of the Lie-Poisson brackets on g* to the coadjoint orbit O^. 
From the Symplectic Stratification theorem we know that a finite dimensional Poisson manifold is 
the disjoint union of its symplectic leaves, and its each symplectic leaf is an injectively immersed 
Poisson submanifold whose induced Poisson structure is symplectic. When g* is endowed one of the 
Lie Poisson structures {-j-ji, the symplectic leaves of the Poisson manifolds (g*,{-,-}±) coincide 
with the connected components of the orbits of the elements in g* under the coadjoint action. From 
Abraham and Marsden [1], we know that 

Proposition 6.1 The coadjoint orbit {0^,u}q^), fi £ g*, is symplectic diffeomorphic to a regular 
point reduced space {{T*G)^,uj^) ofT*G. 

We now identify T*G and G x g* by using the left translation. In fact, the map A : T*G — >■ 
G X g*, X{ag) := {g, (TeLg)*ag), for any Og G T*G, which defines a vector bundle isomorphism 
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usually referred to as the left trivialization of T*G. In the same way, we can also identify tangent 
bundle TG and G x g by using the left translation. In consequence, we can consider the Lagrangian 
L{g,(^) : TG = G x g ^> M, which is usual the kinetic minus potential energy of the system, 
where ((7,.^) G G x g, and ^ € g, regarded as the velocity of system. If we introduce the conjugate 
momentum pi = i = 1, ■ ■ ■ ,n, n = dimG, and by the Legendre transformation FL : TG = 

G X g ^ T*G ^ G X g*, ) {g\Pi), we have the Hamiltonian H{g,p) : T*G ^ G x g* ^ M 

given by 

n 

H{g\p,) = J2p^e-L{g\e)■ (16) 

i=l 

If the Hamiltonian H(g,p) : T*G = G x g ^ M is left cotangent lifted G-action invariant, for /u G g* 
we have the associated reduced Hamiltonian : (T*G)^ = — > M, defined hy h^^ ■ ir^ = H ■ i^. 
By the (ib)-Lie-Poisson brackets on g* and the symplecitic structure on the coadjoint orbit O^, we 
have the associated Hamiltonian vector field X^^ given by 

Xf,^{,j) = T^d*s^^/s,'y, yi^eO^. (17) 

See Marsden and Ratiu [22]. Thus, if the Hamiltonian H : T*G — ?> M, the fiber-preserving map 
F : T*G T*G and the fiber submanifold W of T*G are ah left cotangent lifted G-action 
invariant, we may define the RCH system with symmetry on G, and give its i2p-reduced RCH 
system as follows. 

Theorem 6.2 The 6-tuple {T*G,G,ljq,H,F,W) is a regular point reducible RCH system on Lie 
group G, where the Hamiltonian H : T*G ^ M., the fiber-preserving map F : T*G ^ T*G and the 
fiber submanifold W of T*G are all left cotangent lifted G-action invariant. For a point € g*, 
the regular value of the momentum map Jl '■ T*G — t- g*, the Rp-reduced system, that is, the 5- 
tuple {Ofjt^ujQ ,hfj_,ffj_,W^), is a RCH system, where C g* is the coadjoint orbit, lOq is orbit 

symplectic form, hfj_-Kfj_ = H-i^, /^-vr^ = vr^-F-i^, W C J^^/i), andWfj, = 7r^j,{W) C O^. Moreover, 
two regular point reducible RCH system {T*Gi,Gi,ujiQ, Hi, Fi,Wi), i = 1,2, are RpCH-equivalent 
if and only if the associated Rp-reduced RCH systems (Oi^jUj'^^ , hifii, fiiJ,i,Wi^^), i = 1,2, are 
RCH -equivalent. 

Next, in order to study the regular reduction of rigid body and heavy top with internal rotors, we 
need the regular symplectic reduction theory of the cotangent bundle T*Q, where the configuration 
space Q = G X V , and G is a Lie group and is a /c-dimensional vector space. Defined the left 
G-action $ : G x Q ^> Q, ^{g, {h, 9)) := {gh, 6), for any g,h e G, 6 eV, that is , the G-action on 
Q is the left translation on the first factor G, and G acts trivially on the second factor V. Because 
T*Q = T*G X T*V, and T*V = V xV*, by using the left trivialization of T*G, we have that 
T*Q = G X Q* X V X V* . If the left G-action ^ : G x Q ^ Q is free and proper, then the cotangent 
lift of the action to its cotangent bundle T*Q, given by : GxT*Q T*Q, $'^* (g, {h, n, 9, A)) := 
{gh, fi, 9, A), for any g,h G G, /i € g*, 9 G V, X G V* , is also a free and proper action, and the orbit 
space {T*Q)/G is a smooth manifold and vr : T*Q — )> {T*Q)/G is a smooth submersion. Since G 
acts trivially on g*, V and V*, it fohows that {T*Q)/G is diffeomorphic to g* x V x V*. 

For fj, € Q* , the coadjoint orbit C g* has the orbit symplectic forms . Let ivy be the 
canonical symplectic form on T*V = V x V* given by 

ujv{{9i, Ai), (6I2, A2)) =< A2, 6*1 > - < Ai, 6*2 >, 

where {9i, Aj) (z V x V* , i = 1,2, < •, • > is the natural pairing between V* and V. Thus, we can 
induce a symplectic forms xVxV* ~ '^o^^o ~^ '^v^v on the smooth manifold x V x V* , 
where the maps vrc)^ : xV xV* O^i and Tiy : xV xV* -^VxV* are canonical projections. 
On the other hand, from T*Q = T*G x T*V we know that there is a canonical symplectic form 
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uq = T^\ijjQ + T^2'^v on T*Q, where ojq is the canonical symplectic form on T*G and the maps 
7ri:(5 = Gxl/— T-G and 1:2 '■ Q = G ^ V ^ V are canonical projections. Then the cotangent 
lift of the left G-action $-^* : G x T*Q — )■ T*Q is also symplectic, and admits an associated Ad*- 
equivariant momentum map Jg : T*Q — )• g* such that Jg • vr* = J^, where Jl : T*G — >• g* is a 
momentum map of left G-action on T*G, and tt^ : T*G — ?• T*Q. If /i G g* is a regular value of 
Jq, then € g* is also a regular value of Jl and Jq (//) = J£ (/x) x F x F*. Denote by G^ the 
isotropy subgroup of the coadjoint action of G at the point /i S g*, which is defined by G^ = {(7 G 
G| Ad* = It follows that G^ acts also freely and properly on Jq^(//), the regular point reduced 
space {T*Q)^ = jQ^{fi)/G^ ^ {T*G)f, xV xV* of {T*Q,ojq) at fi, is a symplectic manifold with 
symplectic form uniquely characterized by the relation vr*tj^ = i*^ujQ = i*7r|tJo + '>'Ji'^2^Vi where 
the map «^ : jQ^(/i) — )• T*(5 is the inclusion and vr^ : jQ^(/i) — ?> {T*Q)^ is the projection. Because 
{{T*G)fj_,(jj^) is symplectic diffeomorphic to we have that ((T*Q)^,a;^) is symplectic 

diffeomorphic to (O^ x x '^^^^y^^,). 

We now consider the Lagrangian L(g,^,0,9) : TQ = G x g x Ty ^ M, which is usual the 
total kinetic minus potential energy of the system, where {g,C) G G x g, and 6 G V, and 
= (i = ,n, j = I,-- - ,k, n = dimG, k = dimF), regarded as the velocity of 



system. If we introduce the conjugate momentum Pi = Ij = i = 1, ■ ■ ■ ,n, j = 1, 
and by the Legendre transformation FL:rg = Gxgxyxy^ T*Q = G x q* xV xV*, 
{g\i\e^,e^) {g\pi,9^,lj), we have the Hamiltonian H{g,p,e,l) : T*Q ^Gxg*xyxy*^M 
given by 

n k 

H{g\p,, e\l,) = Y^PiC + E ^i^' - ^(9\e, 9',0')- (18) 



If the Hamiltonian H{g,p,9,l) : T*Q = G x g* x 1/ x 1/* R is left cotangent lifted G-action 
<I>-^ invariant, for /i € g* we have the associated reduced Hamiltonian h^{u,9,l) : {T*Q)^ = 
Of,xV xV* ^R, defined hj ■ tt^ = H ■ i^. Note that for F, K : T*V xV* ^R,hj using 
the canonical symplectic form coy on r*y = y x V* , we can define the Poisson bracket {•, -jy on 
T*V as follows 

{F,K}y{e,x) =<^'7a > 

If ^i, i = 1, • • • , fc, is a base of V , and Aj, i = 1, • • • , fe, a base of V* , then we have that 

{F,K}H^,A) = 2:(-— -— — ). (19) 



1=1 



Thus, by the (ib)-Lie-Poisson brackets on g* and the Poisson bracket {•,-}y on T*V , for F,K : 
g* X y X y* M, we can define the Poisson bracket on g* x F x F* as follows 

{F, i^}±(/i, 6, A) = {F, K}±(/.) + {F, K]v{e, A) 
,5F 6K^ J^^dFdK dK dF ^ 



See Krishnaprasad and Marsden [17]. In particular, for F^,^^^ : x F x — )■ M, we have 
that ujQ^^y^yt{XF^.,XK^) = {F^,K^}^\o^y.vxV*- Moreover, for reduced Hamiltonian hn{u,9,l) : 
X F X y* — ^ M, we have the Hamiltonian vector field Xh^,{K^) = {K^, /i^ij-lo^xyxv*- Thus, if 
the Hamiltonian H : T*Q M, the fiber-preserving map F : T*Q — ?• T*Q and the fiber submanifold 
W of T*Q are all left cotangent lifted G-action <I>^ invariant, then we have the following theorem. 
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Theorem 6.3 The 6-tuple (T*Q,G,u}o, H, F,W) is a regular point reducible RCH system, where 
Q = G X V , and G is a Lie group and V is a k-dimensional vector space, and the Hamiltonian H : 
T*Q —7- M, the fiber-preserving map F : T*Q T*Q and the fiber submanifold W ofT*Q are all left 
cotangent lifted G-action invariant. For a point /u G g*, the regular value of the momentum map 
Jq : T*Q Q* , the Rp-reduced system, that is, the 5-tuple {O^ xVx 1/*, tD^^^y^y, , /i^, W^), 

is a RCH system, where O^i C g* is the coadjoint orbit, ^q^xVxV* "^^ orbit symplectic form on x 
VxV*, h^-TTf, = H-i^, f^-TTf, = -K^-F-i^, W C JqH/^), andW^ = 7r^(VF) C O^xVxV*. Moreover, 
two regular point reducible RCH system {T*Qi, Gi,uJiQ, Hi,Fi, Wi), i = 1,2, are RpCH- equivalent if 
and only if the associated Rp-reduced RCH systems {Oiui x Vi x V*,Cj^, ,hin^,fiin,WinJ, i = 1,2, 
are RCH-equivalent. 

The third, in order to study the regular reduction of heavy top we need to the theory of 
Hamiltonian reduction by stages for semidirect product Lie group. See Marsden et al [21]. Assume 
that S = G©V is a semidirect product Lie group, where ^ is a vector space and V* its dual space, 
G is a Lie group acting on the left by linear maps on V, and g its Lie algebra and g* the dual of 
g. Note that G also acts on the left on the dual space V* oi V, and the action by an element g on 
V* is the transpose of the action of g~^ on V. As a set, the underlying manifold of is G x y and 
the multiplication on S is given by 

{9i,vi){92,V2) ■■= {gig2,vi + a{gi)v2), gi,gieG, vi,V2£V (20) 

where a : G ^ Aut{V) is a representation of the Lie group G on V, Aut(y) denotes the Lie group 
of linear isomorphisms of V onto itself whose Lie algebra is End(y), the space of all linear maps of 
V to itself. 

The Lie algebra of S is the semidirect product of Lie algebras s = g(S)^) s* is the dual of s, that 
is, s* = (gd)!^)*. The underlying vector space of s is g x F and the Lie bracket on s is given by 

m,V,),{^2,V2)] = i[^l,^2],Cj'iCl)v2-a'{^2)vi), ^^1,^2^5, Vi,V2&V (21) 

where a' : g ^ End(y) is the induced Lie algebra representation given by 

cj(exptO^^, Ces, v^V (22) 



t=o 



Identify the underlying vector space of s* with g* x V* by using the duality pairing on each factor. 
We can give the formula for the (ib)-Lie-Poisson bracket on the semidirect product s* as follows, 
that is, for F, K : s* ^ M, their semidirect product bracket is given by 

{F.KUM = ±(„ -1) ± („. - . - - - . -> (23) 

5F 6F 

where (u,a) G 5* and -— G g, G V are the functional derivatives. Moreover, the Hamiltonian 

o/i oa 

vector field of a smooth function H : 5* —^M is given by 

SH 

Xnifi, a) = T{ad}H/s^ n - pU/Sa^, jj^ ■ a), (24) 

where the infinitesimal action of g on F can be denoted hy ■ v = py{(,), for any ^ £ q, v V and 
the map pv '■ Q ^ V is the derivative of the map g ^ gv at the identity and p* : V* ^ g* is its 
dual. 

We consider a symplectic action of 5 on a symplectic manifold P and assume that this action 
has an Ad*-equivariant momentum map J5 : P — >■ s*. On the one hand, we can regard V as 
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a normal subgroup of S, it also acts on P and has a momentum map Jy : P —?■ V* given by 
Jy = iy ■ Js, where iy ■ V ^ 5; v (0,f) is the inclusion, and : s* — ?> V* is its dual. Jy is 
called the second component of Js- On the other hand, we can also regard G as a subgroup of S 
by the inclusion ic : G ^ S, g {g,0). Thus, G also has a momentum map Jg : -P — > 0* given by 
Jg = ■ '^•S'' '^liich is called the first component of J5. Moreover, from the Ad*-equivariance of 
Js under G-action, we know that Jy is also Ad*-equivariant under G-action. Thus, we can carry 
out reduction of P by 5 at a regular value a = (//, a) € s* of the momentum map in two stages 
using the following procedure. 

(i) First reduce P by y at the value a G V*, and get the reduced space Pa = Jy^(a)/y. Since 
the reduction is by the abelian group V, so the quotient is done using the whole of V. 

(ii) The isometry subgroup Ga C G, consists of elements of G that leave the point a gV* fixed 
using the action of GonV*. We can prove that the group Ga leaves the set Jy^{a) C P invariant, 
and acts symplectically on the reduced space Pa and has a naturally induced momentum map 
Ja : -Pa — > 0a) where Qa is the Lie algebra of the isometric subgroup Ga and g* is its dual. 

(iii) Reduce the first reduced space Pa at the point fia = A*|gj £ 9ai '^^ can get the second reduced 
space (Pa)/.„ = Ja^{^J'a)/{Ga)^,,■ 
Thus, we can give the theorem on the reduction by stages for semidirect products as follows. 

Proposition 6.4 The reduced space {Pa)iia symplectically diffeomorphic to the reduced space P„ 
obtained by reducing P by S at the regular point a = {fj,, a) £ 5* . 

In particular, we can choose that P = T*S, where S = G(§)V is a semidirect product Lie group, 
with the cotangent lift action of S on r*^ induced by left translations of S on itself. Since the 
reduction of T*S by the action of V can give a space which is isomorphic to T*G, from the above 
reduction by stages theorem for semidirect products we can get the following semidirect product 
reduction theorem. 

Proposition 6.5 The reduction ofT*G by Ga at the regular values fia = /u|gj gives a space which 
is isomorphic to the coadjoint orbit C s* through the point a = (fJ-jO) € s*, where s* is the dual 
of the Lie algebra 5 of S. 



6.2 Rigid Body and Heavy Top 

In this subsection, we regard the rigid body and heavy top as well as them with internal rotors (or 
external force torques) as the regular point reducible RCH systems on the rotation group S0(3) 
and on the Euclidean group SE(3), respectively, and give their i?p-reduced RCH systems and dis- 
cuss their RCH-equivalence. Note that our description of the motion and the equations of rigid 
body and heavy top follows some of the notations and conventions in Marsden and Ratiu [22], 
Marsden [20]. 



(1). Rigid Body with External Force Torque. 

In the following we take Lie group G = SO (3), and state the rigid body with external force 
torque to be a regular point reducible RCH system. It is well known that, usually, the configuration 
space for a 3-dimensional rigid body moving freely in space is SE(3), the six dimension group of 
Euclidean (rigid) transformations of three dimentional space M'^, that is, all possible rotations and 
translations. If translation are ignored and only rotations are considered, then the configuration 
space Q is SO (3), consists of all orthogonal linear transformations of Euclidean three space to itself, 
which have determinant one. Its Lie algebra, denoted so (3), consists of all 3 x 3 skew matrices. By 
using the isomorphism': M'^ so(3) defined by 















-n 
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we can identify the Lie algebra (so (3), [, ]) with (M^, x) and the Lie algebra bracket [, ] on so (3) 
with the cross product x of vectors in M'^. Denote by so*(3) the dual of the Lie algebra so(3), 
and we also identity so* (3) with R'^ by pairing the Euclidean inner product. Since the functional 
derivative of a function defined on is equal to the usual gradient of the function, from (14) we 
know that the Lie-Poisson bracket on so* (3) take the form 

{f,g}±{U) = ±U-{Vnf xVng), V/,5 G C°°(so*(3)), nGso*(3). (25) 

The phase space of a rigid body is the cotangent bundle T*G = r*S0(3) = S0(3) xso*(3), with 
the canonical symplectic form. Assume that Lie group G = S0(3) acts freely and properly by the 
left translations on S0(3), then the action of S0(3) on the phase space T*S0(3) is by cotangent 
lift of left translations at the identity, that is, ^> : S0(3) x r*S0(3) ^ S0(3) x S0(3) x so*(3) ^ 
S0(3) X so*(3), given by <^{B, (A,n)) = {BA,U), for any A,B e S0(3), U G so*(3), which is also 
free and proper, and admits an associated Ad*-equivariant momentum map J : T*S0(3) — )> so* (3) 
for the left S0(3) action. If H € so* (3) is a regular value of J, then the regular point reduced space 
(T*S0(3))n = J"nn)/S0(3)n is symplectically diffeomorphic to the coadjoint orbit On C so* (3). 

Let / be the moment of inertia tensor computed with respect to a body fixed frame, which, 
in a principal body frame, we may represent by the diagonal matrix diag {Ii, I2, Is). Let Q = 
{Qi,^l2, f^s) be the vector of angular velocities computed with respect to the axes fixed in the body 
and (J7i,02,03) G so(3). Consider the Lagrangian L{A,n) : TS0(3) ^ S0(3) x so(3) M, which 
is the total kinetic energy of the rigid body, given by 

L{A,n) = ^{n,n) = ^{hnj + hnl + hnl), 

where A € S0(3), (ili,ri2i^^3) £ so(3). If we introduce the conjugate angular momentum Ilj = 
dL 

7—— = li^i, i = 1,2,3, which is also computed with respect to a body fixed frame, and by the 

Oili 

Legendre transformation FL : TS0(3) ^ S0(3) x so(3) ^ r*S0(3) ^ S0(3) x so*(3), {A,n) 
(A,n), where U = (ni,n2,n3) G so*(3), we have the Hamiltonian H{A,U) : r*S0(3) ^ S0(3) x 
so* (3) M given by 

H{A,n) = n-n- L{A,n) 

= ml + ml + ml - ]^{ml + ml + ml) 

= -(— H — -^ — -)■ 

From the above expression of the Hamiltonian, we know that H{A, U) is invariant under the left 
SO(3)-action ^> : S0(3) x r*S0(3) r*S0(3). For the case Uq = fi e so*(3) is a regular value 
of J, we have the reduced Hamiltonian /i/i(H) : C so*(3) — > M given by /i^(n) = H{A,Il)\a^- 
From the Lie-Poisson bracket on g*, we can get the rigid body Poisson bracket on so* (3), that 
is, for F,K : so* (3) M, we have that {F,K}_{U) = -H • {VuF x VuK). In particular, 
for Ff^,Kf^ : M, we have that {Xp^, Xxfj,) = {F^, K^}-\o^. Moreover, for reduced 

Hamiltonian ^/^(H) : O^ — > M, we have the Hamiltonian vector field Xh^{K^) = {K^, and 
hence we have that 



x,^(n) = {n,v(n)}„|o. 



dH 
d^ 

= -H • (VnH X VnV) = - VnH • {Vnh^ x H) = H x Jl, 
since VnH = 1 and V^h^ = Vt. Thus, the equations of motion for rigid body is given by 

— = n X (26) 
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If we consider the rigid body with a external force torque u : T*S0(3) — > T*S0(3), and u is 
invariant under the left SO(3)-action, then the external force torque u can be regarded as a control 
of the rigid body, and its reduced control it^ : is given by n^(n) = u{A,ir)\o^- Thus, 

the equations of motion for the rigid body with external force torques u : T*S0(3) —?■ T*S0(3) are 
given by 

^ = nxJl + vlift('U/,), (27) 
where vlift(u^) € TOfj_. To sum up the above discussion, we have the following proposition. 



Proposition 6.6 The 5-tuple {T* S0{3), S0{3),ujo, H,u) is a regular point reducible RCH system. 
For a point fi € 50*(3), the regular value of the momentum map J : T*S0{3) — t- so*(3), the Rp- 
reduced system is the 4-tupl^ (C'/^j'^o^j ^A'j'^^m)' '"^^c'^c C so*(3) is the coadjoint orbit, is 
orbit symplectic form on O^, h^iji) = if(A,n)|0^, ^At(n) = u{A,Ii)\o^, and its equation of motion 
is given by (27). 

(2). The Rigid Body vi^ith Internal Rotors. 

In the following we take Lie group G = SO (3), ^ = 5^x5^x5^, Q = G x V and state 
the rigid body with three symmetric internal rotors to be a regular point reducible RCH system. 
We consider a rigid body (to be called the carrier body) carrying three symmetric rotors. Denote 
the system center of mass by O in the body frame and at O place a set of (orthonormal) body 
axes. Assume that the rotor and the body coordinate axes are aligned with principal axes of 
the carrier body. The rotor spins under the influence of a torque u acting on the rotor. The 
configuration space \s Q = S0(3) x V , where V = S"^ x x S^, with the first factor being rigid 
body attitude and the second factor being the angles of rotors. The corresponding phase space is 
the cotangent bundle T*Q = T*S0(3) x T*V , where T*V = T*{S^ x x S^) ^ T*R^, with the 
canonical symplectic form. Assume that Lie group G = S0(3) acts freely and properly on Q by 
the left translations on S0(3), then the action of S0(3) on the phase space T*Q is by cotangent 
lift of left translations on S0(3) at the identity, that is, $ : S0(3) x r*S0(3) x T*V ^ S0(3) x 
S0(3) X so*(3) X R3 X m3 ^ S0(3) x so*(3) xR^ x M^, given by <^{B, {A, U, a, I)) = {BA, R, a, I), 
for any A, B £ S0(3), R € so*(3), a, I € M^, which is also free and proper, and admits an 
associated Ad*-equivariant momentum map Jg : T*Q = SO (3) x 50* (3) x x so* (3) for 

the left SO (3) action. If R € so* (3) is a regular value of Jg, then the regular point reduced space 
(r*Q)n = Jg^(n)/S0(3)n is symplectically diffeomorphic to the coadjoint orbit On x x r3 c 
so*(3) X ]R3 X m3. 

Let / = diag{Ii, I2, 13) be the moment of inertia of the carrier body in the principal body- 
fixed frame, and Jj, i = 1, 2, 3 be the moments of inertia of rotors around their rotation axes. Let 
Jjfc, i = 1, 2, 3, k = 1, 2, 3, be the moments of inertia of the ith. rotor with i = 1,2, 3, around the A;th 
principal axis with fc = 1, 2, 3, respectively, and denote by li = Ii + Ju + J2i + Jm — Ju, ^ = 1)2, 3. 
Let £7 = {^11,^1,2,^3) be the vector of body angular velocities computed with respect to the axes 
fixed in the body and {Qi,i}2,^3) £ so(3). Let Oj, i = 1,2,3, be the relative angles of rotors and 
a = (di, CK3) the vector of rotor relative angular velocities about the principal axes with respect 
to a carrier body fixed frame. 

Consider the Lagrangian of the system L{A,n,a,a) : TQ ^ S0(3) x so(3) x x R, 
which is the total kinetic energy of the rigid body plus the total kinetic energy of rotors, given by 

L{A, n, a, a) = ^[mj + + + JiiQi + aif + J2{^2 + 012? + Jsi^s + 03)% 

where A G S0(3), il = {0,i,^}2,^3) G so(3), a = (01,02,03) G M^, d = (Q!i,d2,d3) G K^- If we 
introduce the conjugate angular momentum, which is given by 

dL - dL 

= ^FT = + M^i + 0(i), k = TT^ = M^i + f^i) , i = 1,2,3, 
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and by the Legendre transformation FL:TQ = S0(3) X5o(3) xM^ x]R3 _^ ^ S0(3) X50*(3) x 
xM^, {A,n,a,a) (A,n,a,0, where H = (ni,n2,n3) € so*(3), / = {liM,h) e M^, we have 
the Haniiltonian H{A, li, a, /) : T*Q ^ S0(3) x so* (3) x x ^ ^^^^^ ^^^^ 

H{A, Ii,a,l) =VL-Ii + a-l- L{A, Q, a, d) 

= ml + Ji(o? + Oidi) + ml + j2ini + ^2^2) + ml + H^l 

+ Osda) + Ji(diOi + dl) + J2(d2il2 + "2) + -^3(035^3 + al) 

- ]^[ml + ml + ml + Jii^i + aif + J2{^2 + ^2? + j3(j^3 + as)'] 
_ \ ^^,-hf ^ iji2-hf , (n3-/3)' ^ i\ ^ q , 

2 h h h Ji J2 J3 

From the above expression of the Haniiltonian, we know that H(A, 11, a, I) is invariant under the 
left SO(3)-action $ : S0(3) x T*Q T*Q. For the case Uq = fi e so* (3) is the regular value of 
Jq, we have the reduced Hamiltonian h^{U, a, I) : O^xR^ x R^{c so*(3) x M'^ x M'^) R given by 
h^(n,a,l) = n, a, x1R3xr3. From the rigid body Poisson bracket onso*(3) and the Poisson 
bracket on r*M^, we can get the Poisson bracket on T*Q, that is, for F, K : so*(3) 
we have that {F, K}_{U,a,l) = -U ■ (Vn-F x VnK) + {F,K}v{a,l). In particular, for F^,K^ : 
X R3 X R3 M, we have that u}-^^^^i^^3{XF^,XK^) = {F^, i^T^}- b^xRSxRS. Moreover, 
for reduced Hamiltonian /i^(n, a, Z) : X X ^ M, we have the Hamiltonian vector field 
Xh AK^) = xR3xR3, and hence we have that 
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Xfc^(n)(n,a,o = {n,v}_(n,a,/) 
= -n.(VnnxVn/v) + E(a^lsf-l^«-' 

1=1 

= -VnH ■ (VnV x H) = H x 0, 

since VnH = 1, Vuh^ = ft and ^ = = 0, i = 1,2,3. If we consider the rigid body-rotor 
system with a control torque u : T*Q — )■ T*Q acting on the rotors, and u is invariant under the 
left SO(3)-action, and its reduced control torque ti^ : x R^ x R^ ^> Ofj_ x R^ x R^ is given 
by zi/i(n, a, Z) = u{A,Il, a, 1)\q^xM.^xR^ ■ Thus, the equations of motion for rigid body-rotor system 
with the control torque u acting on the rotors are given by 



dt 



vlift(tt^) 



where vlift(n^) € T{0^ x R^ x R^). To sum up the above discussion, we have the following propo- 
sition. 

Proposition 6.7 The 5-tuple {T*{S0{3) x R^), SO{3),ujo, H,u) is a regular point reducible RCH 
system. For a point fi € so* (3), the regular value of the momentum map J : 50(3) x so* (3) x 
R3 X R^ so*(3), the Rp-reduced system is the 4-tuple (O^j x R^ x R^,a)~ xr3xK3' V' '"m)' where 
C so*(3) is the coadjoint orbit, Cj'^ xR^xR^^ orbit symplectic form on O^xR^xR^, ^/^(n, a, /) = 
i/(j4, n, a, /)|o xR3xR3) ^^/i(n, a,Z) = u(74, H, a, /)|0 xR^xRS; O''^'^ its equations of motion are given 
by (28). 

(3). Heavy Top. 
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In the following we take Lie group G = SE(3) and state the heavy top to be a regular point 
reducible Hamiltonian system, and hence also to be a regular point reducible RCH system without 
the external force and control. We know that a heavy top is by definition a rigid body with a 
fixed point in M'^ and moving in gravitational field. Usually, exception of the singular point, its 
physical phase space is r*S0(3) and the symmetry group is S^, regarded as rotations about the 
z-axis, the axis of gravity, this is because gravity breaks the symmetry and the system is no longer 
S0(3) invariant. By the semidirect product reduction theorem (See Proposition 6.5 ), we show that 
the reduction of T*S0(3) by gives a space which is symplectically diffeomorphic to the reduced 
space obtained by the reduction of T*SE(3) by left action of SE(3), that is the coadjoint orbit 
C(M,a) C se*(3) = T*SE(3)/SE(3). In fact, in this case, we can identify the phase space r*S0(3) 
with the reduction of the cotangent bundle of the special Euclidean group SE(3) = S0(3)(DM^ by 
the Euclidean translation subgroup M'^ and identifies the symmetry group 5"^ with isotropy group 
Gq = {A G S0(3) I Aa = a} = S^, which is abelian and {Ga)fia = Ga = S^, V/x^ E g*, where a is a 
vector aligned with the direction of gravity and where S0(3) acts on M"^ in the standard way. 

Now we consider the cotangent bundle T*G = T*SE(3) = SE(3) x se*(3), with the canonical 
symplectic form. Assume that Lie group G = SE(3) acts freely and properly by the left translations 
on SE(3), then the action of SE(3) on the phase space T*SE(3) is by cotangent lift of left transla- 
tions at the identity, that is, $ : SE(3) x r*SE(3) ^ SE(3) x SE(3) xse*(3) SE(3) x se*(3), given 
by <^{{B,u),{A,v,U,w)) = {BA,v,U,w), for any A,B e S0(3), U e 50*(3), u,v,w e M^, which 
is also free and proper, and admits an associated Ad*-equivariant momentum map J : T*SE(3) — >■ 
se*(3) for the left SE(3) action. If (11, -u;) G sc*(3) is a regular value of J, then the regular point 
reduced space (T*SE(3))(n,u;) = J^^(n) ^^)/SE(3)(n,«)) is symplectically diffeomorphic to the coad- 
joint orbit ^(n.u)) C se*(3). 

Let / = diag{Ii, I2, 13) be the moment of inertia of the heavy top in the body-fixed frame, 
which in principal body frame. Let O = (Qi, Q2, ^3) be the vector of heavy top angular velocities 
computed with respect to the axes fixed in the body and {^1,^2, ^3) £ so(3). Let T be the unit 
vector viewed by an observer moving with the body, m be that total mass of the system, g be the 
magnitude of the gravitational acceleration, x be the unit vector on the line connecting the origin 
O to the center of mass of the system, and h be the length of this segment. 

Consider the Lagrangian L{A, v, n, T) : TSE(3) = SE(3) x 5e(3) M , which is the total kinetic 
minus potential energy of the heavy top, given by 

L{A, V, n, r) = ^{n, n) - mghv ■ x = \{ml + ml + ml) - mghr ■ X, 

where {A,v) G SE(3), = {0,1,^12,^3) G so(3), T G M^. If we introduce the conjugate angular 
dL 

momentum Ilj = — — = /jOj, i = 1,2,3, and by the Legendre transformation FL : TSE(3) = 

SE(3) x 5e(3) ^ r*SE(3) ^ SE(3) x se*(3), {A, v, Q, F) {A, v, U, F), where U = (Hi, Ha, Hs) G 
so*(3), we have the Hamiltonian H{A,v,U,r) : T*SE(3) = SE(3) x se*(3) R given by 

H{A, v,n,r) = n-u- l{a, n, , r) 

= ml + ml + /3^^i - ^{ml + ml + ml) + mghr ■ x 

i,n? m H' 



From the above expression of the Hamiltonian, we know that H(A, v, H, F) is invariant under the 
left SE(3)-action ^> : SE(3) x r*SE(3) ^ r*SE(3). For the case (Ho,Fo) = (/i,a) G se*(3) is a 
regular value of J, we have the reduced Hamiltonian /i(^ ,j)(H, ,F) : 0(^,0) (C se*(3)) — )• M given by 
^(^,a)(n,F) = H{A,v,Il,T)\o^^ From the semidirect product bracket (23), we can get the heavy 
top Poisson bracket on se*(3), that is, for F,K : se*(3) — )■ M, we have that 

{F,i^}_(n,F) = -H- (VnF X Vni^) - F- (VnF x VrK -VnK x VpF). 
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In particular, for -F(^^a) , -^(^.a) • ^(n,a) ~^ '^^ have that 



Moreover, for reduced Hamiltonian /i(^^a) (H, F) : ^^(^^a) ^ '^^ have the Hamiltonian vector field 
= {-^^(A.,a)'^(M,a)i-IC(M.a)' a'^d hence we have that 



dn 

d^ 



x,(^^,(n) = {n,/i(^,,)(n,r)}_ 

= -n • (VnH X Vnh^f,,a)) - T • (VnH x Vr/i(^,a) - Vn/i(^,a) x VpH) 
= n X — mghx x T = H x $7 + mghT x x, 

^ = ^V,.)(r) = {r>(M,a)(n,r)}_ 

= -n • (Vnr X Vnh^f,,a)) - T • (VnF x Vr/i(;,,a) - Vn/i(;.,a) x VpF) 
= Vrr • (r X Vn/i(^,a)) = Txn, 

since VnH = 1, VpF = 1, VpH = Vnr = 0, and Vn/i(/i,a) = ^- Thus, the equations of motion for 
heavy top is given by 

r dn 

— = n X + mghV x x, 

dr , „ 

To sum up the above discussion, we have the following proposition. 

Proposition 6.8 The 4-tuple {T*SE{3), SE{3),ujo, H) is a regular point reducible Hamiltonian sys- 
tem. For a point (fi, a) € se*(3), the regular value of the momentum map J : T*SE{3) se*(3), the 
Rp-reduced system is the 3-tuple (0(^ ,j),a;c)^^ ^(^,a))j where 0(^^^a) C se*(3) is the coadjoint orbit, 
a) orbit symplectic form on Oi^^ a); ^(^,a)(n, T) = H{A,v,Il,T)\o^^^ and its equations of 
motion are given by (29). 

(4). The Heavy Top w^ith Internal Rotors. 

In the following we take Lie group G = SE(3), V = x , Q = G x V and state the 
heavy top with two pairs of symmetric internal rotors to be a regular point reducible RCH system. 
We shall first describe a heavy top with two pairs of symmetric rotors. We mount two pairs 
of rotors within the top so that each pair's rotation axis is parallel to the first and the second 
principal axes of the top; see Chang and Marsden [10]. The rotor spins under the influence of a 
torque u acting on the rotor. The configuration space is Q = SE(3) x V, where V = x S^, 
with the first factor being the position of the heavy top and the second factor being the angles 
of rotors. The corresponding phase space is the cotangent bundle T*Q = r*SE(3) x T*V, where 
T*V = T*{S^ X S^) = r*M^, with the canonical symplectic form. Assume that Lie group G = SE(3) 
acts freely and properly on Q by the left translations on SE(3), then the action of SE(3) on 
the phase space T*Q is by cotangent lift of left translations on SE(3) at the identity, that is, 
$ : SE(3) X r*SE(3) xT*V ^ SE(3) x SE(3) x se*(3) x x ^ SE(3) x se* (3) x x given by 
^{{B,u){{A,v),{U,w),a,l)) = {{BA,v),{U,w),a,l), for any A, B € S0(3), H G so*(3), u,v,w e 
M^, a, I € M^, which is also free and proper, and admits an associated Ad*-equivariant momentum 
map Jq : T*Q ^ SE(3) x se*(3) x x m2 ^ se*(3) for the left SE(3) action. If {U,w) € se*(3) is 
a regular value of Jq, then the regular point reduced space (T*Q)(^yi,w) = JQ"^(n, 'U^)/SE(3)(n,«)) is 



X 



symplectically diffeomorphic to the coadjoint orbit ^(n,^)) x x se*(3) x 

Let / = diag{Ii, I2, 13) be the moment of inertia of the heavy top in the body-fixed frame. Let 
Ji,i = 1,2 be the moments of inertia of rotors around their rotation axes. Let Jj^, i = 1,2, k = 
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1, 2, 3, be the moments of inertia of the i-th rotor with i = 1, 2 aromid the k-th. principal axis with 
k = 1, 2, 3, respectively, and denote by li = Ii + Ju + J2i — Ju, ^ = 1,2, and /s = /s + J13 + J23- 
Let Q = {^1,^2,^3) be the vector of heavy top angular velocities computed with respect to the 
axes fixed in the body and {Qi,il2,^l3) € so(3). Let 9i, i = 1,2, be the relative angles of rotors 
and 9 = {9i, ^2) the vector of rotor relative angular velocities about the principal axes with respect 
to the body fixed frame of heavy top. Let m be that total mass of the system, g be the magnitude 
of the gravitational acceleration and h be the distance from the origin O to the center of mass of 
the system. 

Consider the Lagrangian L{A,v,n,r,9,9) : TQ = SE(3) x se(3) x x ^ M, which is the 
total kinetic energy of the heavy top plus the total kinetic energy of rotors minus potential energy 
of the system, given by 

LiA, V, n, r, 9, 9) = + ml + mi + + 9if + J2{^2 + 02?] - mghV ■ x, 

where {A,v) € SE(3), (0,r) G se(3) and Q = (f^i, J^a, ^^s) G so(3), T e R^, 9 = (^1,^2) G K^, 
9 = {9i, 92) G M^. If we introduce the conjugate angular momentum, which is given by 

dL 

= 7^ = h^i + U^i + ^0, « = 1, 2, 

dL - dL 
dils d9i 

and by the Legendre transformation FL:TQ^ SE(3) X5e(3) x x ^ T*Q ^ SE(3) xse*(3) x 
X R"^, {A,v,n,r,9,9) {A,v,U,r,9,l), where U = (ni,n2,n3) € so*(3), I = {h,^) G M^, 
we have the Hamiltonian H{A, v, li, T, 9, 1) : T*Q ^ SE(3) x 5e*(3) x x _^ M given by 

H{A, v,U,T,9,l) =n-U + 9-l- L{A, v, n, T, 9, 9) 

= ml + jml + s^i^i) + /2f^2 + H^l + ^292) + ml + Mmi + 9i) 

+ J2(^2f^2 + Ol) - ]^[ml + /2^^2 + ^3^^3 + M^l + ^if + ^^2 + O2?] + mghV ■ X 

^im-i.)^ (n.-b)^ n| 1 i 
2' h h h -h V 

From the above expression of the Hamiltonian, we know that H{A, v, H, T, 9, 1) is invariant under the 
left SE(3)-action ^> : SE(3) xT*Q T*Q. For the case (Hq, Fq) = (//, a) G 5e*(3) is the regular value 
of Jq, we have the reduced Hamiltonian (H, F, 6*, /) : 0(^^^a) xM^ xM2(c se*(3) x x rS) ^ R 
given by ,j)(n, F, 0, Z) = H{A,v,II,T,9,1)\q^^ ^^y,j^2y;^2. From the heavy top Poisson bracket on 

se*(3) and the Poisson bracket on T*R^, we can get the Poisson bracket on T*Q, that is, for 
F, K : se*(3) x R^ x R^ ^ R, we have that 

{F, (H, F, ^, /) = -H • (VnF x VnK) - F • (VrF x VrK - VuK x VpF) 
+ {F,K}v{9,l). 

In particular, for -F(^,a) , ^{tM,a) '■ ^in,a) x R^ x R^ ^> R, we have that 

Moreover, for reduced Hamiltonian (H, F) : 0(^,a) x R^ x R^ — )• R, we have the Hamiltonian 
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vector field X/^^^^^^ = {-f£r(/,,a), /i(M,a)}-b(^,,)xR2xR2, and hence we have that 



dn 



-n • (Vnn X Vnh^f,,a)) - T • (VnH x Vr/i(^,a) - Vn/i(/,,a) x VrH) 



<9n 9/t(^,a) _ dhi^m^ 

d9i dli dOi dli' 



n X — mghx x F = 11 x $7 + mghT x x, 



-n • (Vnr X Vnh^f,,a)) - T • (VnF x Vr/i(;,,a) - Vn/i(;.,a) x VrF) 



dOi dli- 



Vrr - (r X VnVa)) = r X n, 



dh 



since Vnn = 1, VpF = 1, VpH = VnF = 0, Vn/i(;,,a) = f^, and §ii = f^- = = 0, i = 1, 2. If 

we consider the heavy top-rotor system with a control torque u : T*Q ^ T*Q acting on the rotors, 
and u is invariant under the left SE(3)-action, and its reduced control torque W(^^a) : ^(/x.a) x 
M2 X M2 ^ X M2 X ]R2 is given by n(^,,)(n, T, 0, /) = n(A, t;, H, T, 0, xE2xm2. Thus, the 

equations of motion for heavy top-rotor system with the control torque u acting on the rotors are 
given by 

/ rin 

n X $7 + mghr x x, 



( dn 

d^ 



^ = rxf^, 

d/ 



(30) 



, ^ =vlift(^X(^,,)). 



where vlift(n(^ „)) € x 
proposition. 



^). To sum up the above discussion, we have the following 



Proposition 6.9 The 5-tuple {T*{SE{3) x M.'^), SE{3),ujo, H,u) is a regular point reducible RCH 
system. For a point {/i, a) € se*(3), the regular value of the momentum map 



J : SE{3) X 5C*(3) x 



se*(3), the Rp-reduced system is the 4-tuple (C(;x,a) 



(M,£t) ' 



^(M,a)' ^^^'^^ '^M C se*(3) is the coadjoint orbit, ^q^^ a)X»''x^^ 



/i(^,„)(n,r,^,0 = HiA,v,u,T,e,i)\a^^ 



a)- 



IS or- 



!, and 



bit symplectic form on 0(^^^a) x M x ^ 

a) (n, r, 9, 1) = n, r, ^, 0IO(^ a) xIR2xm2, and iis equations of motion are given by (30). 

(5). Regular Controlled Hamiltonian Equivalence. 

In the following we may consider the RCH-equivalences of the rigid body with external force 
torques and that with internal rotors, as well as the heavy top and that with internal rotors. We can 
choose the feedback control law such that the equivalent RCH systems produce the same equations 
of motion (up to a diffeomorphism ). 

At first, we consider the RCH-equivalence between the rigid body with external force torques 
and that with internal rotors. Now let us choose the feedback control laws such that the closed- loop 
systems are Hamiltonian and retains the symmetry. If we choose the feedback control law such 
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that vlift(n^) = px Q, where p is a constant vector, from the equations (27) of motion for the rigid 
body with the S0(3)-invariant external force torque u, we have that 

— = uxn + pxn. (31) 

dt 

On the other hand, for the rigid body with internal rotors, we choose the feedback control law 
u, such that vlift(ti^) = A;(n x 0), where /c is a gain parameter. From the equations (28) of 
motion for the rigid body with internal rotors, we have that ^ = vlift(u^) = and by solving 
the integrable equation, we get that / — kH = p, where p is a constant vector. Assuming that 
= n — / = n — kn — p = (l — k)Il — p, then we have that 

dN dn dZ ^ ,^ ^ ^ 

— = = (i-k)uxn = N xn + pxn. (32) 

dt dt dt 

By comparing (31) and (32) we know that the rigid body with external force torque and that with 
internal rotors are RCH-equivalent by a diffeomorphism : so* (3) — >■ so* (3), 11 — > N. In particular, 
if we take that vlift(n^) = {u^i,u^2,Ufj,3) = (0, 0, —£ ^j~/^^ llill2) G K'^, we recover the result in 
Bloch et al. [6], also see Marsden [20]. 

Next, we consider the RCH-equivalence between the rigid body with internal rotors and heavy 
top. If assuming that = IT + F, from the equations (29) of motion for the heavy top, we have 
that 

dA^ 

= N X + mghV x x = N x il. — mghx x T 

dt 

Thus, take that T = Xi} and p = —mghXx, where A is a constant, then 

dA^ 

— = Nxn+pxn. (33) 

In this case, by comparing (32) and (33) we know that the heavy top and the rigid body with 
internal rotors are RCH-equivalent. In the same way, from (31) we know that the rigid body 
with the external force torques and the heavy top are also RCH-equivalent. Also see Holm and 
Marsden [15]. 

At last, we consider the RCH-equivalence between the rigid body with internal rotors and heavy 
top with internal rotors. For the heavy top with internal rotors, we choose the feedback control law 
u, such that vlift(u(^ a)) = A;(F x fi), where /c is a gain parameter. From the equations (30) of motion 

for the heavy top with internal rotors, we have that ^ = vlift(n(^ a)) = k^, where I = {hJ2,0), 
and by solving the integrable equation, we get that I — kV = po, where po is a constant vector. 
Assuming that A^ = n-|-F — / = n-|-(l — A;)r — pQ, then we have that 

— = ^-K^- — = nxr2-h(l- k)T X - mghx xT = NxQ, + poX^l- mghx x F. 
dt dt dt dt 

Thus, take that F = Xil. and p = po — mghXx, where A is a constant, then 

dA^ 

= Nxn+pxn. (34) 

dt ^ ^ 

In this case, by comparing (32) and (34) we know that the rigid body with internal rotors and the 
heavy top with internal rotors are RCH-equivalent. 
To sum up, we have the following theorem. 

Theorem 6.10 As two Rp-reduced RCH systems, 

(\) the rigid body with external force torque and that with internal rotors are RCH-equivalent; 
(\\) the rigid body with internal rotors (or external force torque) and the heavy top are RCH- 
equivalent; 

(iii) the rigid body with internal rotors and the heavy top with internal rotors are RCH-equivalent. 
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6.3 Port Hamiltonian System with a Symplectic Structure 

In order to understand well the abstract definition of RCH system and the RCH-equi valence, 
in this subsection we will describe the RCH system and RCH-equivalence from the viewpoint 
of port Hamiltonian system with a symplectic structure. Recently years, the study of stability 
analysis and control of port Hamiltonian systems and their applications have become more and 
more important, and there have been a lot of beautiful results; see Dalsmo and van der Schaft [13], 
van der Schaft [30,31]. To describe the RCH systems well from the viewpoint of port Hamiltonian 
system, in the following we first give some relevant definitions and basic facts about the port 
Hamiltonian systems. 

Definition 6.11 Let {T*Q,lj) be a symplectic manifold and u be the canonical symplectic form 
on T*Q. Assume that H : T*Q — > M is a Hamiltonian, and there exists a subset U C T*Q 
and a vector field Xh G TT*Q on T*Q such that ixuOj{z) = dH(z), \/z € U , then the triple 
{T*Q,uj,H) is a Hamiltonian system defined on the set U. Assume that V C T*Q is a subset of 
T*Q, and P = {Y,a), where for any z eV, Y{z) £ T^T*Q and a{z) G T*T*Q. IfUnV^H), 
and ii^xH+Y)^iz) = (diJ + a){z), yzGUnV, then P = {Y, a) is called a port of the Hamiltonian 
system (T*Q,co, H) defined on the set U. The 4-tuple {T*Q,uj,H,P) is called a port Hamiltonian 
system. 

For the port Hamiltonian system (T*Q,uj, H, P), since ixifW(z) = dH{z), Vz G U, from Z(x^_|_y)a;(z) 
= {dH + a){z), Vz G ^7ny, we have that ixjj^^{z) + iY(^{z) = dH{z) + a{z). Thus, we can get the 
port balance condition that P = {Y, a) is a port of the Hamiltonian system {T*Q,u}, H) as follows 

iya;(z) = a(z), Vz G f/ n F. (35) 

In particular, for U = V = T*Q, from the port balance condition (35) we know that P = {XH,dH) 
is a trivial port of the Hamiltonian system {T*Q,uj, H). 

Assume that {T*Q,uj, H, F,u) is a RCH system with a control law u. We can take that Y = 
vlift(F + u) G TT*Q, from the port balance condition (35) we take that a = iyoj G T*T*Q, then 
P = {Y,a) is a force-controlled port of the Hamiltonian system {T*Q,u}, H), and {T*Q,uj,H,P) is 
a port Hamiltonian system with a symplectic structure. Thus, we have the following proposition. 

Proposition 6.12 Any RCH system {T*Q,lj, H, F,u) with control law u, is a port Hamiltonian 
system with symplectic structure. 

If we consider the canonical coordinates z = {q,p) of the phase space T*Q, then Xh = {q,p), and 
the local expression of the RCH system is given by 

OH dH 
Q = -g^{Q,p), P = --^(9,P) +vlift(F + tx)(g,p). (36) 

We can derive the energy balance condition, that is, 
J u r)J-f r)H BH 

IF = + (9,P)l^= (^fvlift(F + ^z)(<7,p) = g^vlift(F + n)(g,p), (37) 

which expresses that the increase in energy of the system is equal to the supplied work (that is, 
conservation of energy). This motivates to define the output of the system as e = g, which is 
considered as the vector of generalized velocities, and the local expression of the port controlled 
Hamiltonian system is given by 

q = ^iq,p), P=—Q^{q,p) + B{q)f, e = B^{q)q. (38) 
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where vlift(F + u) = B{q)f, and / is a input of system; see van der Schaft [30,31]. 

In the following we shall state the relationships between RCH-equivalence of RCH systems 
and the equivalence of port Hamiltonian systems. We first give the definitions of equivalence 
of Hamiltonian systems, port-equivalence of port Hamiltonian systems and equivalence of port 
Hamiltonian systems as follows. Assume that {T*Qi,uJi), i = 1,2, are two symplectic manifolds, 
and : T*Qi T*Q2 is a symplectic diffeomorphism. Let T^p : TT*Qi TT*Q2 be the tangent 
map of : T*Qi T*Q2, and V* = (V'"^)* : T*T*Qi T*T*Q2 be the cotangent map of 
: T*Q2 — ?• T*Qi. Then we can describe the equivalence of the Hamiltonian systems as follows. 

Definition 6.13 Assume that {T*Qi,u}i, Hi), i = 1,2, are two Hamiltonian systems. We say 
them to be equivalent, if there exists a symplectic diffeomorphism ip : T*Qi T*Q2, such that 
TiP{Xhi) = ■ V') i^^idHi) = dH2 ■ i^, where ixn^'^ = d-f^i, i = 1, 2. 

Moreover, we can describe the port-equivalence of port Hamiltonian systems and the equivalence 
of port Hamiltonian systems as follows. 

Definition 6.14 Assume that {T*Qi,uJi, Hi, Pi), i = 1,2, are two port Hamiltonian systems. 
We say them to be port -equivalent, if there exists a diffeomorphism tjj : T*Qi — ?> T*Q2, such 
that TiIj{Yi) = Y2 ■ ip, V*(q^i) = ^2 ■ V'? where Pi = {Yi,ai), and for any Zi £ Vi{c T*Qi), 
Yi{zi) S Tz^T*Qi and ai{zi) € T*.T*Qi, i = 1,2. Furthermore, we say two port Hamiltonian systems 
{T*Qi,uJi, Hi, Pi), i = 1,2, to be equivalent, if there exists a diffeomorphism ip : T*Qi — ?• T*Q2, 
such that not only two Hamiltonian systems {T*Qi,uJi, Hi), i = 1,2, are equivalent, but also their 
ports are equivalent. 

Thus, we can obtain the following theorem. 

Theorem 6.15 (i) If two RCH systems {T*Qi,uJi, Hi, Fi,Wi), i = 1,2, are RCH-equivalent and 
their associated Hamiltonian systems {T*Qi,uji, Hi), i = 1,2, are also equivalent, then they must 
be equivalent for port Hamiltonian systems. 

(ii) If two RCH systems {T*Qi,uJi, Hi, Fi,Wi), i = 1,2, are RCH-equivalent, but the associated 
Hamiltonian systems [T*Qi,uji,Hi), i = 1,2, are not equivalent, then we can choose the control 
law Ui, such that they are port- equivalent for port Hamiltonian systems. 

Proof, (i) In fact, assume that two RCH systems {T*Qi,uji, Hi, Fi,Wi), i = 1,2, are RCH- 
equivalent, then there exists a diffeomorphism 99 : Qi — > Q2, such that (p* : T*Q2 — > T*Qi 
is symplectic, and from Theorem 3.3 there exist two control laws Ui : T*Qi — >■ Wi, i = 1,2, 
such that the two associated closed-loop systems produce the same equations of motion, that is, 
^(T^QuLuuHuFuui)-^* = '^V3*^(T*Q2,a;2,//2,F2,«2)- ^^^^^ associated Hamiltonian systems {T*Qi,uJi, Hi), 
i = 1,2 are also equivalent, from 93* = (}p~^)* : T*Qi — )• T*Q2 is symplectic, and Tlp^{Xhi) = 
■ V*, and X//, = {dHif, i = 1,2, we have that TLp*{dH2f = {dHif ■ ip*. Note that 
^(T*Q„a;„H„F„«,) = (dF,)« + vlift(F,) + vlift^), i = 1,2, then, r^*(vlift(F2) + vlift(^X2)) = 
(vlift(Fi) + vlift(ni)) • ip*. We can first take that Yi = vMt{Fi + m) G TT*Qi, i = 1,2, then 
we have that Tip*{Y2) = Yi ■ f* , and hence Tip^:{Yi) = Y2 ■ 'p*. Then we take that = 
iViOJi G T*T*Qi, i = 1,2. Since the map (99*)* = {^^^)* : T*T*Qi T*T*Q2, such that 
= 'iTip,{Yi){'P*)*{^i) = ^¥2^2 ■ V'*, we have that = 02 • 92*. Thus, the ports 

Pi = {Yi,ai), satisfying Tip^{Yi) = Y2 ■ 99*, and (<^*)*(ai) = 02 • are equivalent, and hence the 
port Hamiltonian systems {T*Qi,uji, Hi, Pi), i = 1,2, are equivalent. 

(ii) Assume that two RCH systems {T*Qi,uJi, Hi, Fi,Wi), i = 1,2, are RCH-equivalent, but 
the associated Hamiltonian systems {T*Qi,uJi,Hi), i = 1,2, are not equivalent, from Theorem 3.3 
we can choose the control law Ui : T*Qi Wi, i = 1,2, such that T{{p*) ■ ^{T'Q2,i^2,H2,F2,u2) — 
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X{T*Quui,Hi,Fuui) ■ "P*^ and hence T{ip^) ■ ^(T*Qi,a;i,//i,Fi,«i) = ^{t*Q2,uj2,H2,F2,u2) -f*- We can take 
that Y, = X(T*Q„^„//„F„nO = (dFi)« + vnft(Fi) +vhft(ni) G TT*Qi, and a, = G T*r*Qi, i = 
1,2. Then the ports Pj = {Yi^ai), i = 1,2, satisfy that Tip^iYi) = Y2 ■ (^*, and ((/?*)^,(ai) = 02 ■ 
and hence the port Hamiltonian systems {T*Qi,uJi, Hi, Pi), i = 1,2, are port-equivalent. ■ 

The mechanical control system theory is a very important subject. In this paper, we study the 
regular reduction theory of controlled Hamiltonian systems with the symplectic structure and sym- 
metry. It is a natural problem what and how we could do, if we define a controlled Hamiltonian 
system on the cotangent bundle T*Q by using a Poisson structure, and if symplectic reduction 
procedure does not work or is not efficient enough. Wang and Zhang in [.')2] study the optimal 
reduction theory of controlled Hamiltonian systems with Poisson structure and symmetry by using 
the optimal momentum map. 
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